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ABSTRACT 


Several new proof procedures, namely, Non-Clausal 
Resolution by Un i-fication and Equality (NCRUE), nany-sorted 
HCRUEf Non— Clausal resolution Mith quant i-fiers in place 
(NFF— resolution) f nany— sorted NFF— resolution , NCRUE Mxtb 
quantifiers in place (NRUE) , and aany-sorted NRUE, are 
described in this thesis. 

The existing rule set for converting an unsorted set of 
well -formed formulae into a many-sorted set is augmented 
with additional rules, one rule for obtaining more sort 
inf oi'mation, two rules based on equality and two rules for 
sorting terms quantified within an equivalence in the 
respective proof procedures. The existing algorithm for 
obtaining sort information is appropriately modified to 
include application of the additional rules. Also given is 
an algorithm for obtaining dependencies of existential vari- 
ables in a wff without paraphrasing any connective in terms 
of the others. 

All the introduced proof procedures together with the 
required algorithms are proved to be sound and complete. 
Examples are also given to illustrate the application of 
proof procedures . 



NOTATION 


Symbol 


. y 

& I 

< — > 

U<F> 

U<F^> 

U<F~> 


tf<ti t^> 

Other notations, if not 
they are first used. : 


Heanizis 

Negation 

Disjunction 

Conjunction 

Implication 

Equivalence 

(or hi -implication) 

wff a contains sub-wff F 

wff 1/ contains positive 

sub-wff F 

wff </ contains negative 
sub-wff F > 

wff y contains equality 

wff y contains positive 
equality = *2 
wff y contains negative 
equality = tg 

standard, are explained where 
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Chapter 1 


INTRODDCTION 


1 . 1 Aul^omation of Beasonlag 

The process of reasoning, formally involves a series 
of applications of logical rules of inference on a set of 
facts to arrive at a conclusion. For easy mechanization the 
necessary rules of inference must be simple and few. 

The language through which the problems are presented 
to a theorem prover is the First-Order Predicate Calculus . 

A problem consists of -facts, also known as axioas or 
premises and a conclusion , also known as a theorem . 
Basically there are two different approaches for solving a 
given problem. One of them is to start with the set of 
axioms and arrive at a conclusion, the approach which 
closely resembles the intuitive reasoning of humans and is 
called natural deduction . The other is the well known 
reductxo ad absurdun in which we start with a negation of 
the conclusion and derive a contradiction. The latter 
approach, more commonly known as a re-futat ion procedure, 
is one on which most of the working theorem prover s are 
based. 


Automated reasoning through resolution would be more 



tractable if we can do the following: 

(i) Retain the original form of the formula which will make 
it easier for humans to guide the theorem prover, 

(ii) introduce domain information which would weed out use- 
less inferences, and 

(iii) include equality and other special relations, which 
are used in a wide variety of domains, in an efficient 
way in the prover, 

1.2 Syntactic Structure in Reasoning 

Keeping in view of the idea to retain the syntactic 
structure of the wffs in resolution, we shall briefly look 
at resolution principle, non-clausal resolution and WFF- 
resolution (NC-resolution on wffs with quantifiers in place) 
in this section. 

1.2.1 Resolution Principle 

The resolution principle is a single rule of infer- 
ence that can be used to build up a refutation proof pro- 
cedure [Rob 65] from a given set of clauses: 

Given the First-Order Logic (FOL) formulation of a 
problem, the first step is to convert the axioms and the 
negated theorem into a set of clauses [ChL 73] , [Lov 78] or 
[Qui 61]. A clause is a disjunction of literals, where a 
literal is a positive or negative atom. 

Let us for illustration, consider the following problem 


from [ChL 73]. 



Fact/Premise/Axiom : 


- 3 - 


Everyone who saves money earns interest. 
Conclusion/Theorem : 

If there is no interest, then nobody saves money. 
Let the predicate symbols be defined as below- 


S{x, 



X 

sat/es Yf 

M(xJ 



X 

is moTiey^ 

Kx} 



X 

is interest^ 

E(x, 


m 

M 

X 

earns 


In FOL formulation of the above problem, the premise is 


(¥x> C<3-y> <S<x, y> & n(y}> — > <3-y) (Ky) & E(x, y>)2 


and the negated conclusion is 


'^C'^(3x} Kx) — •> <¥y> (S(x, yi — > ’^H(y>}J 


Converting these sentences into clauses, we have 



'^S(x, 

y> 

V V Kf<x)} 

^2'* 

'^S<x, 

yi 

V '^M(y} V E(x, f(x)} 

^3'* 

'^Kz) 



^4'* 

S(a, 

b> 



ii(b} 
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Resolution can be performed on two clauses with comple- 
mentary predicates, if there is some substitution that makes 
these atoms identical. The process of finding such substitu- 
tion is called uni-ficAtion . 

For example, in the above i'et, the atom I is comple- 
mentary in and the substitution makes 
them identical, and hence can be resolved to give the resol- 
vent 


> R^i '^S(x, y) V 

A resolvent is a disjunction of the two clauses with 
resolved-upon atoms (positive in one, and negative in the 
other ) removed . 

Now, we can resolve with substitution €a/x, 

b/y} to give 

^ R^ > R^s 

4 1 2 

Finally, resolving Cgr we get a nuJl clause as 

the resolvent. 

^5 ^ ^2 — ''s'' D 

It is known that for all satisfiable sets of clauses, 
the union of such a set with the set of its resolvents is 



also satisfiable. But a Q is unsat isfiable, and hence 
the given set of clauses should also be unsatisf iable. So 
whenever the axioms are true, the negated theorem is false, 
or the theorem follows from the axioms. 

1.2.2 Non-Clausal Resolution. 

The above refutation proof would be easier and more 
understandable if the translation of the sentences to 
clauses could be avoided. 

A resolution rule called NC-resolution has been 
introduced by Murr-ay [Mur 82] which operates on the sen- 
tences as they are, except that they are made quantifier 
free. 

NC-resolution can be performed on two quantifier free 
wffs with complementary sub-wffs (need not be just predi- 
cates, but can also be wffs) by making appropriate substitu- 
tions, An NC-resolvent is obtained by substituting and 
simplifying, FALSE in place of the positive sub-wff and 
TRUE in place of the negative sub-wff, and then taking a 
disjunction of the two sentences. 

The quantifier free version of the above problem is 

S^s C(S(x, y} & I1(y}} — > & E(x, f(x)})l 

S^s •^C’^Ks} — > (S(a, b> — > '^»(b>)3 

In the above set of wffs, since the atoms with I 
occur positively in and negatively in S^, they can be 
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NC-resolved with the substitution to give 

> UCRj^s 

C(S<x, y) & n(y>} — > (fALSE & E(x, f(x}>3 
1/ '^f'^TRUE — > bJ — > "^ilCbJJJ 


which simplifies to 


'^CS<x, y) & tKyJJ, 


Now, MCR^ and can be resolved with the substitu- 

tion Ea/x, b/yJ to give 


NCR^ > NCR^g "^HCb} 


Now, NCR 2 can be resolved with to give a FALSE. 


NCR^ > NCR^i FALSE. 

Thus, a derivation of FALSE by NC-resolution, analo- 
gous to a derivation of Q by resolution, represents unsa- 
tisfiability of the given set. 

In fact, if we can identify that HCR^ is identical to 
(S(a, b) — > ’^M(b)J in Sj under the substitution ia/x, 
b/y}f we can NC-resolve on these sub-wffs, as they are com- 
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plementary. Thus, the resolvent would be 


S.^ V- HCR^ > NCR^i '^CTRUEJ 1/ ’^C’^Kz) — > '^FALSEJ 

j£. M ^ 


which simplifies to 


FALSE, 


Thus, the length of the refutation gets reduced when we 
resolve on sub-wffs in NC-resolution. 

1.2.3 WFF-resolution 

A further step would be when we can resolve on wffs as 
they are with quantifiers in place. A resolution rule called 
UFF-rBso lilt ion (resolution on wffs with quantifiers in 
place) is being introduced in this thesis (Chapter 6), by 
which we can resolve on sentences as they are. 

WFF-resolution is NC-resolution with quantifiers in 
place. Here, Skolem constants and functions are captured by 
■functional dependencies. In addition to truth- functional 
simplification the generation of the resolvent requires 
merging of quantifiers. 

The set of wffs for the previous example with quantif- 
iers in place and functional dependencies substituted for 
existential variables (the method for obtaining dependencies 
is described in Chapter 6) would be 



s 


S^s C¥x} [(^y} (S(x, y} & IKyJi) 

— > (Iz<Xf y}} (Kz) Sc E(x, z)}3 
S^s I(u} — > (¥v(u).> (¥n{u)3 (S(v, »} — > 

No fxmctional dependencies are obtained for y in 
because effectively it is universally quantified. Simi- 
larly, for u in Sg' Since v, w are existentially 
quantified in Sg.* th<-*lr dependency is (u). Actually, 
these were substituted only by Skolem constants rather than 
functions in making the wff quantifier free, because & is 
commutative. Hence, in such a case, using functions or con- 
stants does not affect the (un)satisf iability . 

With quantifiers in place also, we can observe that the 
atoms with I occur positively in and negatively in 

and the terms to be unified are (3-z(x, y)} and (¥ 11 } . 
With the substitution {(3^z<x, y))/(¥u}i, we can resolve 
and Sg to give 

-f- > R^s (¥x} ’^c<3^y} fSfx, y) & ti<y))3 

Now, can be resolved with Sg on atoms S with 

the substitution €<3-v (u) >/ (¥x> , (3-vi(a}}/(¥y)3 to give 

S- > R^: <¥u) (3 n(u}> 

2 1 2 


Thus, forming a resolvent in WFF-resolution may involve 



9 


dropping quantifiers and adding quantifiers. For example, in 
the above resolution, (¥x) , (Vy) have been dropped and 
(Va) , have been added. 

Finally, and Sg can be resolved with empty sub- 

stitution to give FALSE. 

-f- > R^i FALSE. 

Similar to NC-resolution, a derivation of FALSE 
proves the unsatisfiability of the given set of wffs. 

An algorithm for obtaining dependencies for existential 
variables and a refutation procedure, RFF— resolution , is 
given in Chapter 6. 

1.3 Semantics In Seasoning 

In a refutation procedure often a large number of reso- 
lutions are used up simply to remove unary literals which 
describe the type or sort of the term. By extending 
resolution to a many- sorted logic by suitably constraining 
unification we can considerably shorten the lengths of 
proofs. 

Many-sorted logic has been extended to resolution and 
paramodulation by Walther [Wal 82] and to NC-resolution by 
Jaya Raghavendra [Jay 87]. In chapter 7, we describe a 
many-sorted resolution procedure for wffs. 

Let us for illustration, consider the following prob- 


lem. 



10 


Premises : 

S^s All men are mortal, 

SgS Socrates is a man. 

Conclusion: 

s^s Socrates is mortal. 

With two predicates, namely, HAN<xJ and HQRTAL<x} 
denoting "x is a »an" and "x is mortal" respectively, 
FOL translation of the above problem {with negated conclu- 
sion) is 

S^s (Vx) CMAH(x} — > HQRTAL<x)J 
S^s MAN ( Socrates} 

S^s ’^MORTALCSocrates) . 

The variable x in 

S^s C¥x} CMAN(x} — > HORTAL(x}J 

has an unrestrained domain. It can stand for any object in 
the domain of all objects. But it is useless to perform 
inferences (resolutions) where x is substituted by objects 
which are not from the category MAH. This is because such 
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resolvents should indeed be satisfiable, as is true for 

all x’s which are not MAN. So, essentially we can treat 
as equivalent to 

MS^i ^xsMAN, MORTAL {xJ 


which 

states 

that 

MORTALix) 

is true for all 

X which are 

of 

the 

sort 

MAN. 

Similarly 

Sg states that 

Socr ates is 

of 

the 

sort 

HAN. 

Thus , the 

sorted version 

of the above 


example would be 

MS^s i^xiHAN, MORTAL (xJ 
MS^s Socrates fM AN 
MSjS "^MORTAL ( Socr ates ) . 

Now, HS^ can be resolved with MSy as Socrates an 
element of the sort MAN can be substituted for the x 
which is also of the same sort, thus proving the theorem. 

Such a process where the sortedness of the problem is 
used is called Many—sorted resolution . Its main advantage 
is the reduction in proof depth because of constrained unif- 
ication. Unsorted refutation of the above problem requires 2 
resolutions. 

1.4 Equality in Reasoning 

Equality is the most important special relation which 
has been incorporated into theorem provers. 


Par amodulation 
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[WoR 69] and E-resolntion [Mor 693 were essentially 
developed for this purpose. However, both these methods do 
not really solve the problem. Paramodulation is intractable 
and E-resolution is incomplete. 

A successful attempt (i.e. dispensing with the explicit 
use of equality axioms, and yet be able to reason about 
equality) has been made by Digricoli and Harrison [DiH 86], 
Two rules of inference, RUE (Resolution by Unification and 
Equality) and NRF (Negative Reflective Function) , have 
been introduced in [DiH 86] that are primarily based on the 
resolution principle. 

The rules of inference can be stated as below. 

RUE rule of inference: 

The RUE resolvent of Ay P(s , ,s^) , B V 
'^P(t ^,..,,t^) is A9 V BB V B, where 8 is a substitution 
and B is a disjunction of inequalities specified by a 
disagreement set of P(Sy,.,,s^Bf ’^P(t y, . . . ft 

NRF rule of Inference: 

The NRF resolvent of A y f t-g ^ where 

B is a substitution and B is a disjunction of inequali- 
ties specified by a disagreement set of *2^' 

A disagreement set of two complementary predicates is 
a set of pairs of nonidentical terms. For example, a 
disagreement set of P(af x, b) and ’^P(Cf d, e) is -Cascf 
bseJf since d can substitute for x- 
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As an example, let us consider the following set of 
clauses from [DiH 86] 


S^s '^P<g<B}} V b<i(j(a}, x, j<x}}} ¥ h<i<jCbJ, c, 
a = b 
S^t b = c 
S^s f(a> = g(e) 


and its refutation is 


> R^s 


f(c> ¥ g(e} V h(i(j (a) , x, j<x))} ¥ h(i<j(b), c, Jia))) 


^ ^5 — ^ '^ 2 '' 


a ¥ c V h(i(j(a), x, j<x))} ¥ h<i(j(b}, c, j(a})} 


Now, applying NRF to the inequality h(i (j (a) , x, J(x}}} ¥ 

b(i(j(b}f c, j<a))) with the substitution €c/xJ, 

R2 . ^RRF ^3' ® ^ ^ ® ^ juerging into a ¥ c 

and continuing RUE resolution, 

Rj > a ¥ b ^merging into a ¥ b 

^4 ^ ^3 — ^ ^s: □ 

If we look at the data presented in [DiH 86] the 
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refutation using equality axioms with unification resolution 
takes 16 steps, that with hyperparamodulation takes 11 
steps, and unrestricted paramodulation 8 steps. 

We extend equality-based resolution to NC-resolution as 
well as WFF-resolution. Equality-based NC-resolution (NCRUE 
resolution) is described in Chapter 4, and its extension to 
WFF-resolution in Chapter 8. NCRUE resolution is also 
extended to include many-sorted resolution in Chapter 5. 

In Chapter 9 we put everything together and describe a 
many-sorted, equality-based WFF-resolution procedure. 

1.5 Oveirview of the Thesis 

An ovex'view of the full thesis is as follows: 

Chapter 2 describes NC-resolution and Chapter 3 the 
Many-sorted NC-resolution, where the sort information is 
generated automatically. 

An equality-based NC-resolution called Hon-clausal 
Resolittxon by i/nification and Equality (NCRUE! , an exten- 
sion of RUE resolution to non-clausal case, is discussed- in 
Chapter 4. The soundness and completeness proofs for such a 
proof procedure are also given in Chapter 4. 

Chapter 5 discusses a Many-sorted and Equality-based 
NC-resolution system, called Hany-sorted NCRUE resolution 
(HNCRUE). It includes a discussion on how equality affects 
sorts and also proves its soundness and completeness. 

In Chapter 6, a resolution system for well-formed for- 
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mulae with quantifiers in place, called HFF-resolution is 
introduced where functional dependencies for existential 
variables are obtained automatically without modifying the 
structure of the sentences. The soundness and completeness 
of WFF-resolution is proved in the chapter. 

Chapter 7 describes a Wany— sorted UFF~resolution 
proof procedure and proves its soundness and completeness. 

Chapter 8 discusses NCROE resolution in the light of 
having quantifiers in place, i.e. Equality-based WFF- 
resolution, called l4FF-ResoJutxon by Unification and Equal- 
ity <i4RUE}. The soundness and completeness of WRUE is also 
established. 

WRUE resolution is extended to many-sorted theory in 
Chapter 9. Such a resolution, called ftany-sorted MRUE 
(HURUE) resolution is explained and proved to be sound and 
complete in Chapter 9. 

Examples are given in Chapter 10 to illustrate the 
application of all proof procedures introduced in this 
thesis . 

The last chapter. Chapter 11, concludes and mentions 
some directions in which the work can be extended. 



Chapter 2 


NON-CLAOSAL BESOLUTION 


The resolution principle put forth by J. A. Robinson [Rob 
65] requires that the sentences be converted to clausal 
form. The clausal form has many disadvantages [Sti 85]. 

( 1 ) The intuition behind selecting appropriate connectives 
in expressing the problem is lost in the conversion. 

(2) A sentence may breakup into a large number of clauses, 
resulting in substantial redundancy in the resolution 
search space. 

(3) The clausal form is difficult to read and is not human 
oriented. Guiding the theorem prover and understanding 
the proofs becon^e difficult. 

The hon-clausal resolution principle called NC- 
resolution proposed by Murray. N. 7 [Mur 82] removes the 
above disadvantages. A variation of NC-resolution was used 
for program synthesis by Manna and Waldinger [MaW 80] . NC- 
resolution can be performed on unifiable sub-sentences in 
two quantifier free sentences of First-Order Logic. The sen- 
tences may have the entire set of connectives including 
implications and equivalences- The completeness of the 
NC-resolution has also been proved in [Mur 82] . 



2 . 1 Introduction 


The reader is assumed to be familiar with the notation 
and terminology of resolution and unification [Rob 663- To 
provide continuity we define a few key terms. An ato» is 
an n-place predicate symbol with terms as arguments. P(x}, 
QCa, f<a}) are all atoms. A literal is an atom or the 
negation of an atom. A clause is a disjunction of 
literals. A sentence or a well-foraed formula <wff) is 
formally defined as follows*. 

(i) An atom is a wff. 

(ii) If f and G are wffs then so are (F & 6) f <F v 

G)^ (F — > GJ and (F < — > Gl. 

(iii) If F is a wff then so are and (J-xlF, 

(iv) Wffs are generated only by a finite number of applica- 
tions of (i), (ii) and (iii). 

The parentheses are either retained ox dropped, to 

enhance readability of wffs. We write F<x> to indicate 

that X occurs in the wff Ff x may be a term, an atom or 

a wff. If X is a wff and F<x>f then x is said to be a 

sub— tuff , 

In clausal resolution we resolve on complementary 
literals in two clauses. Similarly, in NC-resolution we 
resolve on unifiable sub-wffs, with opposite polarities in 
the two sentences. If F is a sub-wff in the wff then 

the parity of the number of explicit and implicit negations 
in whose scope F appears in S, gives the polarity of F 
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in S (positive, if even, negative if odd). For example the 
literal P<x} occurs negative in P(x} — > Q<x)f but posi- 
tive in (P<x> — > Q(x)) — > R(x}. Formally we define 
polarity of the constituents of a wff as follows; 

Let F, and Sg be wffs. 

(1) If F is positive (negative) in then it is nega- 
tive (positive) in and (S^ — > ^ 2 ^* 

(2) If F is positive (negative) in then it is posi- 
tive (negative) in (S^ & <S^ K and (S^ — > 

(3) If F occurs in then it is both positive and 

negative in CSj^ < — > 

In clausal resolution, the resolved-upon literals are 
deleted and the remaining literals are disjoined to form the 
resolvent. Similarly, in NC-resolution, all occurrences of 
the resolved-upon sub-wffs are replaced by, FALSE in place 
of the positive occurrence and TRUE in place of the nega- 
tive occurrence. The resulting wffs are disjoined and sim- 
plified by truth functional reductions to eliminate embedded 
occurrences of TRUE and FALSE, 

To illustrate, let us consider the following sentences; 

S^s HAN(x) — > HUMAN (xl 
MAHfSocratesl , 

The atoms with HAN in and S„ can be unified, and 
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occur with opposite polarities ( negative in and posi- 

tive in Sg ) , So the NC-resolution on them gives 

TRUE — > HUHAHCSocrates} V FALSE 


which simplifies to 


HUHAH(Socraies> . 


An NC-resolution derivation of FALSE from a set of 
wffs demonstrates the unsatisf iabilitv of the set of wffs, 
Non-clausal resolution is thus like clausal resolution, a 
refutation procedure. Also it can be observed that NC- 
resolution reduces to clausal resolution when the wffs are 
restricted to be clauses. 

2.2 Structural Equivalence 

An important advantage of non-clausal resolution is 
that it allows resolution not only on literals but also on 
sub-wff s . 

Consider the example: 

Everyone who eats some plant is a Herbivore. 

All wolves eat some plant. 

Therefore, Wolfy is a Herbivore. 

Its FOL translation is 

S^: €C<^y} (P(y) & EAT<x, y}}J ~-> H(.x}J 



s.,£ rncx? — > Cjy-J CP(y} & EATfx, y}JJ 

S-s l4{lfiolfy) 

S “^H (t^o Ify ) ^ 

4 

A simple observation tells us that a resolution on the 
emboldened portions of and Sg, is better than a 

sequence of resolutions where the atoms with P and EAT 
are removed one at a time. A clausal deduction of FALSE is 
given below for comparison. 

Clausal solution: 

The set of clauses: 

C^s -^Piy V '^EAT<x^, y V H<x^} 

C„s V P(f(x^}) 

C_s ’^»<x-} V EAT<x-, f(x-)) 

3 3 3 ' 3 

C^t MOiolfy} 

C^s ‘^H(Uolfy) 

The sequence of resolutions: 


V- > Rs^s EATdfolfy, -fCHolfy)} 

^ Cj } Rs^s ’^P(y^} V -^EATfUoIfy, y 

Rs ^ Rs„ > Rs^s ’^P(f(M(yifY)} 

Rs^ -f- > '^R<Hvlfy) 

^^4 ^ ^4 □ 
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The theorem is proved. 

Now the solution of the above example using NC- 
resolution, where the resolved-upon sub-wffs may be noh- 
atomic, is given below. 



V- 

^2 

> 

^1 ' 

H<x} V 


¥• 

^3 

> 


HfUolfy) 

^^2 

V- 

^4 

> 

^3 ^ 

FALSE. 


The refutation process is faster when the resolved-upon 
sub-wffs are non-atomic. This corresponds to taking longer 
reasoning steps. It is easy to identify that emboldened 
sub-wffs are resolvable upon. The sentence below, which 

is a logical equivalent of hides this fact. 

; (V^X} (¥y} CP<x) — > y}J V H<x} 

The concept of structural equivalence helps us recognize 
when two sub-wffs are resolvable. 

2.2.1 Definition (Strict S-equi valence) 

Two wffs Ff G are said to be strictly S-equivalent 
in all of the following cases. 

(a) F and G are atoms, and have the same predicate sym- 
bol, 

(b) F = ^ ~ strictly S- 
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equivalen-b, 

(c) f = <F ^ b f 2^ ^ ^ ~ ^ binary connec- 
tive bf and Fy and F are strictly S- 

equivalent, 

(d) F = CQx] Fy G = CQxJ G^ Where Q is some quantifier 
and X is some variable, and F^, G^ are strictly S- 
equivalent. CQxJ represents optional quantifier. 

2.2.2 Definition (Reducible S-equivalence) 

If there exists a finite sequence of transformations, 
from the following set, which when applied to a wff F pro- 
duces F^ and/or a wff G produces (referred to the 

S-equivalent form) such that F G, or F, G^f or F^, 6^ 
are strictly S-equivalent, then F, G are reducibly S- 
equi VBtlevt. 

The set of transformation rules represented as equivalences 
are: 


1. < — > A 

2. (A — > B) < — > (C^A) V B) 

3. (A < — > BJ < — > <A B} & (B — > A) 

4. (A V B>) < — > KC-^A) & ("^B}} 

5. (A & B}} < — > (<'^A) V <‘^B)i 

6. (A A B) < — > (B A A) 

7. (A V B) < — > <B V A) 

8. <A & <B & C)} < — > ((A & B) St C) 

9. <A V (B V C}> < — > <<A V B) VC) 
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10. (A V (B & O) < — ^ (A \/ B) & (A V C) 

11. (A & (B V O) < — > (A & B) V (A & C) 


2.2.3 Definition (S-eq.uivalence) 

Two wffs are said to be S-equiyaJent if they are 
either strictly S-equivalent or reducibly S-equivalent . 

From the above definition we can find that emboldened 
portions in and Sg are strictly S-equivalent, and 

9 

those in and are reducibly S-equivalent, and in 

both cases they are S-equivalent. We now use S-equivalence 
to determine the complementarity of two sub-wffs. 

2.2.4 Definition (Complementary Sub-wffa) 

Two sub-wffs F and G occurring in wffs Sj, and 
respectively are said to be complementary in them if 
either 

(a) F and G are S-equivalent and occur with opposite 

polarities in and or 

(b) F and "^G ai'e S-equivalent and, F and . G occur 

with same polarity in and Sg, 

NC-resolution can be done on two sub-wffs only when 
they are complementary. 

2.3 Onif lability of sub-wffs 

The two complementary sub-wffs to be resolved upon have 
to be unified before resolving. We get the sequence of terms 
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in a sub-wff as described below. 

2.3.1 Definition (Sequence of Terms) 

The Sequence of Terms in a wff F can be Obtained as 
below: 

(a) If F = where P is an n-place predicate 

symbol, then it is 

(b) If F = then it is the sequence of terms in F 

(c) If F,= (F^ b F for some binary connective b, then 

it is the sequence of terms in F^ appended to the 
sequence of terms in F 

(d) If F - <Qx.i F^ where « is some quantifier, and x 
is some variable in F^ then it is the sequence of 
terms in F^, 

As an example, (x, y, z) is the sequence of terms in 
P(x) V EAT(y, z} . Two sub-wff s are unifiable, if the 
sequence of terms in one, and the sequence of terms in the 
S-equivalent form of the other are unifiable. 

2.4 NC-resolution 

NC-resolution is done on quantifier free wffs. The 
quantifiers are first moved to the left, and later Skolemi- 
zation is performed to get the quantifier free form of the 
wffs. 

Assuming that all separately quantified variables in a 
wff are relabeled apart, all the quantifiers can be moved to 
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the left by replacing every sub-wff in it, of the form 

1. CA < — > BJ by C<A — > B) & <B — > A}J 

2. £<(^x)A) — > BJ by (JxJCA — > BJ 

3- C((Ix}A — > BJ by (VxJCA — > BJ 

4- £A b (Qx>BJ by (Qx}CA b BJ, where b can be &, V, or — > 

5- ’^{{ifix}A.> by (JxJC^AJ 
6. ’^((Jx)A) by (VxJC^AJ 

Now we shall see the formal definition of an NC- 
resolvent . 

2.4.1 Def init ion ( NC-resolvent ) 

For any quantifier free wffs S^, F and G, if F 
occurs positively in (S^<F>} and G occurs negatively 
in (S 2 <G>}, and G is the »ost general unifier of F 

and G, such that H - F9 GG, then the result of sim- 
plifying 


SjGiFALSE/HJ V S^GiTRUE/HJ 

is the NC-resolvent of That is, M is replaced 

by FALSE in where it occurs positively, and by true 

in Sg where it occurs negatively, and the resulting wffs 
are disjoined and simplified. 

If FALSE is reached as a resolvent, then the given 
set of wffs is unsatisf iable. NC-resolution is a sound and 
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complete proof procedure [Mur 82] . 

We shall consider one more example to illustrate the 
application of the inference rule. 

Premises : 

(1) The custom officials searched everyone who entered this 
country who was not a VIP. 

(2) Some of the drug pushers entered this country and they 
were only searched by drug pushers. 

(3) No drug pusher was a VIP. 

Conclusion: 

Some of the officials were drug pushers. 

Let the predicate symbols be defined as below: 

E(x} s X entered the country^, 

V'Cx} s X Mas a VIP, 

S<Xf y)i y searched x, 

C(x) 1 X MBS a custom official , 

P<x} i X Mas a drug pusher. 

The FOL translation of the above problem, with the 
negated conclusion, consists of 

S^i fVxl C<E(x) & '^V<x}) — > (Jy> (S(x, y) & C(y))3 
S^t C3x} CP(x} & E<x) & (¥y) <S<x, y) — > P(y)}3 
S^z (V-x) CP(x} — > ’^V(x}3 



CPfx) & C(x}J 


The quantifier free version of the above set of wffs 
would be 

S^s C{E{x} & •^\/(x}} — .> (S{Xr « C(f(x.}}.K7 

S^! rPfa; -S ECs} & (S(ar y) — > PCy})3 

S^s CP(x) — > -^Vlx}! 

S^s •^rP{x} & C(x}J 
4 


The clausal version of this problem [ChL 73] consists 
of 7 clauses and its refutation takes 8 steps to give a null 
clause. 

Non-clausal refutation of the above set requires only 6 
steps and it is more readable. 

^2 ftB/x> 

{ derived that a is not a VIP } 

> 2' ^ (SCa, f(a}} & C(f(a})}3 f€a/x} 

{ if a entered this country, a is searched by 
a custom official f<a} } 

'i 

S- ^ > R-s CS(a, f(a}} & C{f<a}}J ;fl 

A ^ i5 

{ established that the custom official f(a) searched a } 



[:P(a) & Eia) & P{f(a})j ;{f(a}/y} 


^2 ^3 ^ ^ 4 ' 

{derived that f(a} is also a drug pusher} 

S. -f- > R^z ’^C(f(a}} ftf{a)/xy 

4 4 5 

{deduced that is not a custom official} 

But this contradicts the previously established 
that f(a} is a custom official. A resolution of 
gives FALSE, thus proving the theorem. 

/?, ^ /?_ > FALSE f{} 

3 5 6 


assertion 
/?5 with 



Chapter 3 


MANY-SORTED NON-CLA0SAI. RESOLUTION 


3 . 1 Introduction 

Certain axiomatic systems involve more than one 
category of fundamental objects; like points, lines and 
planes in geometry. It is natural to use variables of dif- 
ferent kinds with their ranges x'espectively restricted to 
categories of objects. V7e say 

{¥x,yspoints} „ (3z:st-2ine) (L(Xf z> 4 L(y, z)} 


with an understanding that L<x, y> means "x lies on y" , 
to state the axiom "there is a straight line passing 
through any tuio points". The variables x and y are 
restricted to range over the category of points and z over 
st-lines. In other words, x and y are of the sort point 
and z of the sort st-line. An axiomatic theory so 
setup is called Many— sorted. 

In the universe of all objects, a category is identi- 
fied by its associated property, is-a-point is a property 
of objects of the sort point. In languages like First- 
Order Predicate Calculus, which provide variables of unres- 



tricted range, we use such properties represented as unary 
predicates to reflect their sorts. The axiom is thus written 
as 

CP(x} & P(y) — > (-S-z) CSt<z} & L<Xf z) & L<y , z)33 

where P<x) is read as "x is a point", and Stix) as "x 
is a st-lxne" ^ This is an unsorted version of the above 
raany-sorted sentence. In the following text the prefix MS 
denotes many-sorted and US denotes unsorted. 

Many-sorted logic has been studied in [Her 30], [Wan 
523, [Hai 56] and others. The efforts of Herbrand [Her 303, 
and Schmidt [Sch 38] have been to prove that, something is 
provable in MS logic, iff its translation in US logic is 
provable . 

Many-sorted logic provides many advantages. The resolu- 
tion search space and the proof depth are either same or 
less compared to those in US. Many-sorted resolution uses 
constrained unification which prevents the generation of 
many useless resolvents. 

A MS calculus for resolution and paramodulation has 
been described by Christoph Walther [Wal 82] . The resolution 
based on this calculus has been proved to be sound and com- 
plete. The non-clausal version of many-sorted resolution and 
a mechanism to convert the US set of sentences into an MS 
set were introduced by Jaya Raghavendra [Jay 87]. Many- 
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sorted Non-clausal Resolution has been proved to be sound 
and complete. 

This chapter describes the methodology of converting 
the US set of sentences into an MS set and then performing 
the many- sorted non-clausal resolution on them. 

3.2 Sorts: Formal Prellmln^urles 

A sort is a category of elements in the universe of 
discourse. It is referred to, by a sort-symbol . T is a 
sort-symbol which refers to the entire universe of 
discourse. The following are the operators among sorts. 

1. Sort union ( \J ): 

^ said to be the sort union of two sorts 

and Sg and contains all elements (represented by con- 
stants, function symbols and variables) of the sort or 

2 . Sort intersection { O ) • 

Si n Sg is said to be the sort intersection of two 
sorts and and contains all elements of the sorts 

Si and Sg. 

3. Subsort ( Q ): 

A sort is said to be a subsort of a sort 

<^^1 C Sg>, if all elements of the sort Si are also of 
the sort Sg- 

We have a lemma here for the properties of these opera- 
tors . 
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For any sort s ( other than T ) , 

(a) S \J T is the sort T 

(b) S n 7" is the sort S itself, 

(c) S C 7 is true, 7 Q s is false. 

A sort relation of the form Q where and 

are sorts, is called a sort axiom, 

HAN U NOMAN Q HUMAN is an example. 

Given a set of sort axioms and two sorts S. and S^, 
the repeated use of the following rules tells us if 
C Sg is true under the set of sort axioms. 

Let Aj, B and C be sorts, 

1, A Q A 

2, If A C B and B ^ C then A ^ C 

3, If (A [J B} ^ C then ACC and B C c 

4, If A ^ (B f) Cl then A C B and A Q C 

5, If A C C and B C C then CA {J B) Q C 

6, If A C B and A C C then A C CB D CJ 

Also if by using the above rules on the set of sort 
axioms, it is found that there exists a set of sorts 

such that C ^2^"''^n-l ~ ^n'^n ~ 

then all i~i,n can be replaced by s, where s is a 

new sort symbol in the set of sort axioms. 
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3,3 Many-sortedness 

A wff is said to be a nany—sorted «ff if every term 
in it has a sort. The outermost symbol of a term is called 

the terminal symbol , and may be a variable, a constant or 

a function symbol. The sort of a term is the sort of its 
terminal symbol. rtJ is used as an abbreviation for 'sort 
of t ’ . 

Consider a set of quantifier free wffs U = 

We interpret U as a conjunction of its 
members. So any wff in ti of the form A & B can be 
replaced by the wffs A and B . The generalised version of 
Davis and Putnam’s rules [DaP 60] could be used to remove 
the redundant wffs from H . The one literal rule can remove 
all occurrences of the literal P(t) and if either 

a wff P(x} or '"P(x} is in U, x being a variable and 

t any term. We consider the translation of ti, into its 

many-sorted version, in the next section. 

3.3.1 Dnsorted to Many-sorted 

The many-sorted version of U would consist of 

1, a set of sort axioms, 

2, a set of many-sorted tuffs H, and 

3, sorts of all terms in M, 

1 and 3 above form the sort information in U. This sort 
information is present in in the form of sub-wffs with 



unary predicates, and should be removed to get A wff 

which gives the sort of a terminal symbol is called a sort 
formula, or s.form for short. 

3. 3. 1.1 Definition (s-fonn) 

A wff s is an s.form of a terminal symbol t if 

(a) s is an atom with a unary predicate, and a term with 
t, or 

(b) s=P9tQCS-PVQ3 where P and 0 are s. forms 

of t. 

As an example, CMAH(x} V UOHAH(x)J & INTELLIGENT (x) 
is an s.form of x. 

The sort symbol, in an s.form, can be obtained from 
the s.form by, 

(a) replacing every atom by its predicate symbol, and 

(b) replacing every by (J . , and every * by 0 • 

The sort symbol in the above example is 

CHAN U NON AN J H INTELLIGENT. 

All terms in u can be considered to be of the sort 
T , and for this reason the unsorted logic is also called 
the one-sorted logic [Wan 52] . Similarly, the terms in 

N can also be assigned the sort T, and updated as the 

sorting process continues. 


If for a term t of the sort P, it is identified 
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that t also has a sort Q, then the sort of t will be 


(a) 

P 

if 

P c 

0 

(b) 

Q 

if 

Q Q 

P 

(c) 

P 

n a 

Otherwise 


The repeated use of the following rules, removes por- 
tions of wffs in which represent sort information, giv- 

ing the many- sorted wff H We are augmenting the original 
set of 3 rules with an additional rule so that we can 
extract more sort information. 

Rule 1 : 

» »i > 

Remove all wffs of the form U — > u where U and 
U are s. forms of a variable. If S and S are the 

I »» 

sort- symbols got from u and u respectively, then 

* 

s G s is a sort axiom, 
liule 2: 

If a wff ii has a sub-wff f, 

(a) which is positive in it, and 

(b) has all occurrences of a variable v, and 

(c) is of the form f ^ — > Fg, where is the 

s.form of Vf and fg is some wff, 

then can be removed, and the sort of In U is 

given by the sort corresponding to F^. 

Rule 3: 

If a wff U has a sub-wff F, 



(a) which is positive in it, and 

(b) has all occurrences of a constant or a function 
symbol c, and 

(c) is of the form & F where F^ is an 
s.form of c, and F^ is some wff or TRUE, 

then can be removed, and the sort of c In U is 

given by the sort corresponding to F^- 

Rule 4: 

If a wff U has a sub-wff F, 

(a) which is positive in it, and 

(b) has all occurrences of a constant or function 
symbol c, and 

(c) is of the form F^^ — > F^jr where F^ is the 
s.form of c and c has been found to be of the 
sort corresponding to F^, and Fg is some wff, 

then F^ can be removed. 

As an example, consider the following set of unsorted 
sentences , 

U^s HAN(x} — > HUMAN(xJ 

nAU(x> — > LJVES(x, Esrth} 

U^s NANfRamJ — > LIU'ESfRaa, Earth} 

U^s MAH (Ram) 


The MS version of the above example would be 
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Sort axioms: MAN C HUMAN 
Sorts of terms: xiMAN, Ran s MAH 
MS sentences: LIVESCx, Earth) 

LlVESCRan, Earth), 

Although every sort-symbol ( other than T ) has one or 
more unary predicate symbols, not all of them can be sort 
symbols. A unary predicate becomes a sort symbol in MS iff 

(a) all occurrences of it are removed by the above rules, 
and 

(b) there is at least one element of that sort. 

The example which shows the necessity of such a res- 
triction is given in [Jay 87] . 

The algorithm for converting an unsorted set of wffs 
u, to its many-sorted version M, is as below. 

Step 1: 

Apply rules 1, 2, 3 and 4, until no more application is 
possible. Properties of connectives, like '^('^A) is A, 
A — > S is "^A V B, etc. can be used to bring into 

the form desirable for a rule application. 

Step 2: 

For every unary predicate which has an occurrence 
removed, ensure that all its occurrences are removed. 
If a unary predicate has some occurrences removed and 
some left in M, redo Step 1 without removing any 
occurrence of that predicate. 
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step 3: 

For all terms in check the existence of an element 

of the sort of the term. If for some term t, CtJ is 
s, and the existence of an element of the sort S 
cannot be determined, then S cannot be a sort in 
MS, Reapply the algorithm ensuring that no occurrence 
of, (a) s if s is a predicate symbol, or (b) either 
Sf or Sg' ^ ^ ^2' removed. 

3.4 Resolution and Unification 

The many-sorted non-clausal resolution (MNC-resolution 
for short) is the NC-resolution of [Mur 82] with MS unifica- 
tion, 

3.4.1 Definition ( MNC- resolvent ) 

If P is a sub-wff that occurs positively in the wff 
P and Q occurs negatively in and & is the MS 

»gu of P and Q, then the result of simplifying 

F FALSE /PS} V F ^QLTRUE/QQI 

is the MNC-re sol vent of F^ and Fg. 

In MS every term has a sort. The MS unification would 
be the usual unification process of finding an mgu, and then 
checking the sort compatibility of eveary substitution in the 
mgu. 

A substitution of a term in place of a term tg^ 

written as is sort compatible if Q 
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So in MNC-resolution only sort compatible substitutions are 
done . 

3.4.2 Weakening rule 

While constraining unification in MS is necessary, it 
is not enough to make MNC-resolution complete without this 
additional rule of inference. The following example [Wal 82] 
illustrates this point. 

D<x} — > B(x) 

U^s B(x) — > A(x) 

D(x} — > C(x) 

U^s C(x> — > A<x} 

4 

U^s D(D^> 

U,i — > P(u) 

6 

U^s C(v) — > -^PCv) 

Although the above set of vrffs is unsatisf iable, the MS ver- 
sion of it given below, cannot be proved unsatisf iable by 
MNC-resolutions . 

Sort axioms: P Q & , B S A 

pec, C Q A 
Sorts of terms: D^sD, ufB, vsC 
MS sentences: 

P(u} 

M^s '^P(v} 

As a solution to this problem Walther [Wal 82] has pro- 



posed an additional rule of inference called the Meskening 
rule. 

Weakening rule: 

If u is a wff with a variable y in it, and t is a 
term such that CtJ C fi'Jr then the wff U with t 
substituted for y, ( i.e., tlBr 6 = ft/vJ ) is 
called the wcaA’ened verient of U, 

Using the above rule we can get the weakened variant of 
as 

H^s P(D^} f {D^/ul 

Now, resolving and Wg with the substitution 

gives FALSE, thus proving the unsatisfiability of the set. 

We shall reconsider the example ( drug pusher - custom 
of-ficial problem ) given in Chapter 2 to illustrate the 
application of many-sorted rules of inference. 

The quantifier free set of the wffs is 

S^s C(E(x} & — > <S(x, f<x>} & CCf<x)J}J 

S^s EP(aJ & E(a) €c (S(a,y} — > P<y)>J 
S^i CPCz) — > •^V<z}J 
S^s '^CP(u} & C(ulJ 

The many-sorted version of the above set would be 



Sort axioms: None. 

Sorts of terms: xsE, f()i}sC, asE, 

y;r, zsT, usC, 

MS sentences: 

— > sfx, f(x>j 

M^s CP(a> & rsra, y} — > P(y}}J 

il^s CP<z) — > 

«,5 '^P(u), 

4 

The otherwise possible resolution of with ^2 

'^P(a} and P(a) respectively is now constrained because of 
the sort incompatibility of the terms u and a- 

As opposed to the unsorted NC-refutation of 6 steps, 
many-sorted NC-refutation as given below takes only 4 steps. 

W_ > R.s -^VCa} fEa/z} 

f a of category E is not a VIP 3 

* ^1 ^ ^2' f(a3) f€a/x} 

{ some /faJ of category C searched a 3 

^ > R^s CP(a3 & P<-f<a))3 jff/faJ/yJ 

i established that f<a} is also a drug pusher 1 

* R^ > R^s FALSE ifEf€a)/u3 

Thus, the proof depth gets reduced in many-sorted resolu- 


tion. 



Chapter 4 


EQUALITY BASED NON-CLAUSAL RESOLUTION 


The axioms of equality play a crucial role in automated 
reasoning because of their almost universal application in 
particular theories. The axioms of equality are, 

Es 1. X = X ref lexivity f 

2. X = y — > y = X symmetry, 

3-. X = y Sc y = z — > x - z transitivity, 

1 o 1' ' ' n ^ Tt 

substitution in predicates for, each n— place 

predicate symbol, 

* X ■ A f t X ,! , » m m , X • , m » m , X 1 * f ( X ^ , m m m , X , w m m , X 1 

1 o ' o' ' n 

substitution in functions for each n’-place 

function symbol. 

A set y of wffs is said to be E-unsatisfiable, if 
" U is unsatisf iable, where E^ denotes the axioms of 

equality associated with U. The number of equality axioms 
depends on the number of distinct predicate and function 
symbols in U and the number of arguments each such symbol 
has. Thus the set Ey can be very large and often is larger 
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than u itself. So explicit use of the axioms of equality 
in a refutation proof can prove vex'y expensive. Also it can 
make certain strategies inapplicable [DiH 86], [MaW 86]. 

In response to these problems, some theorem-proving 
researchers, such as Kowalski [Kow 79] have paraphrased 
their theories to avoid explicit use of the equality axioms. 
Others have used special inference rules; paraMiodulat ion 
(introduced by Wos and Robinson[WoR 69]) and E-resolution 
(introduced by Morris [Mor 69]) have been found to be effec- 
tive. Variations of these rules, proposed by Boyer and 
Moore[BoM 79] and Digricoli[DiH 86] are being widely used. 

Even though paramodulation and E- resolution rules can 
dispense with the equality axioms, some problems still 
remain, such as no general purpose algorithm to control 
paramodulation and incompleteness due to the uniform use of 
the innermost inequalities in E-resolution [DiH 86]. To 
overcome these problems, Digricoli [DiH 86] introduced an 
improved version of E-resolution, namely Resolution by 
Unification and Equality (RUE) which facilitates the defin- 
ition of heuristics that lead to more efficient searches for 
refutations. 

By a single application of either of these rules, we 
can derive conclusions that would require several steps if 
equality axioms were explicitly used. The proofs are 
markedly shorter, and the search spaces are even more 
dramatically compressed because the axioms and intermediate 
steps are not required. Theorem- proving systems using 
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certain heuristics [DiH 86] developed in the context of ROE 
resolution produce very brief and incisive proofs. 

4.1 Introduction 

The non-clausal analogues of Parainodulation 
resolution have been introduced by Manna & Waldinger [MaW 
86] where the rules can be applied to free form sentences 
with a full set of logical connectives. 

Digricoli has introduced RUE resolution to overcome the 
deficiencies in Paramodulation and E-resolution fo^ sen- 
tences in clausal form. 

, The most efficient clausal refutation procedure incor- 

porating equality seems to be ROE. However, the non-clausal 
analogue using RUE has not been done yet and this i® 
motivation for the work described in this chapter. 

The basic definitions, both in open -form and strong 
•form (the terms open form and strong form are defined 
shortly) , for the non-clausal analogue of ROE resolution 
which we call Hon— Clausal Resolution by Unification and 

Equality (HCRUE) are given in this chapter. We extend the 
notions of' disagreement sets, viability, ROE unifi®^’ 
the equality restrictio'n introduced by DigricoliCDiH 803 
RUE resolution to NCRUE resolution. The reader is assumed to 
be familiar with the notations used in [Rob 65], CDiO 86], 
[Mur 82] and [MaW 86]. We prove the soundness and complete 
ness of NCRUE resolution in open fox-m, completeness f®^ 
bility criterion, completeness for the equality restriction 
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and finally give a conjecture for the completeness of NCRUE 
resolution in strong form. The application of the inference 
rule is illustrated by examples. 

4.2 RCRDE Resolution 

In NCRUE resolution, we can resolve two wffs even if 
they fail to unify by introducing certain conditions into 
the resolvent. We first define disagreement sets and then 
describe the two rules of inference. These rules are in 
open font since we are free to choose both the substitution 
and disagreement set to be used. 

4.2.1 A Disagreement Set of a Pair of Terms 

If s, t are nonidentical terms the singleton set 
-CsstJ-, is the origin disagreement set. If s, t have the 
form f (a y . . . , fcby...,b^}f then the set of pairs of 
corresponding arguments that are not identical is the top- 
most disagreement set. Furthermore, if D is a disagree- 
ment set, then D formed by replacing any member of V by 
the elements of its disagreement set, is also a disagreement 
set. If s, t are identical terms, the empty set is the 
only disagreement set. 

For example, the pair of terms, fCa, h(b, g<c) }JsfCb, 
h(Cf g(d)>J, has the disagreement sets 

tfCa, h(b, gCc}}JtfCb, h(c, g(d)}J} 

the origin disagreement set. 
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and finally give a conjecture for the completeness of NCRUE 
resolution in strong form. The application of the inference 
rule is illustrated by examples. 

4.2 NCRDE Resolution 

In NCRUE resolution, we can resolve two wffs even if 
they fail to unify by introducing certain conditions into 
the resolvent. We first define disagreement sets and then 
describe the two rules of inference. These rules are in 
open font since we are free to choose both the substitution 
and disagreement set to be used. 

4.2.1 A Disagreement Set of a Pair of Terms 

If s, t are nonidentical terms the singleton set 
£s:t}f is the origin disagreement set. If s, t have the 
form -f (a . . . ,a^} f f (b y . . . , then the set of pairs of 

corresponding arguments that are not identical is the top- 
most disagreement set. Furthermore, if D is a disagree- 
ment set, then D formed by replacing any member of D by 
the elements of its disagreement set, is also a disagreement 
set. If s, t are identical terms, the empty set is the 
only disagreement set. 

For example, the pair of terms, ffa, h(b, g(cJ }Js-fCb, 
b(c, g(d}}J, has the disagreement sets 

D^s {fCa, b(bf g(c}}JtfCb, h(c, g<d}}J} 

the origin disagreement set. 
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£) s iaibf h(bf g(c)):h(Cf gfd))} 

the topvtost disagreemejii set i>f two pairSf 
D^s iasb, bsc, g(c} sg(d}J, 

V €asb, bscj^ csdi, 

4.2.2 A Disagreement Set of Complementary Literals 

A disagreement set of complementary literals, 

P(s . fS_^} r '^P(t y . . ^} , is definevi es the union 

O = U » 5 
i=i 

where is a disagreement set of the corresponding argu- 

ments s^, t^- 

The topmost disagreement set of P(s . , . ,s^ } ^ 

‘^P(t^,...ft^} is the set of pairs of corresponding argu- 
ments that are not identical. 

4.2.3 A Disagreement Set of a Set of Literals 

A disagreement set of a positive (negative) literals, 

, is defined as the union 

1 m 

m-1 

0 * U 

i=l 

where is a disagreement set of a pair of literals, L^, 

^i+1' 

For example, a disagreement set of 3 literals, P(a, 
b), P<c, d}, P(e, f}f would be 

Vi Case, bid, ate, bsf}. , 
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D is the topmost disagreement set of these » 
literals, . when every is the topmost disagreement set. 

In the following text, by "uni-fying to the maximum 
extent possible" we mean that we use the maximum most gen- 
eral partial unifier Cmgpul. For example, when we, unify the 
terms f^x, gfy, all, f(b, g(c, dl) we use the substitution 
fb/x, c/yl instead of any of the other partial unifiers 

t 

ib/xl, ic/yJ. 


4.2.4 The NCROE rule of inference (open form) 


Let a wff U. contain atoms such that 


e, 


is a substitution that unifies ft 


iV 




maximum extent possible, and is a conjunction of equal- 

ities to be satisfied as specified by a disagreement set of 

» 9 

r i < k < n. Under the con- 
dition that is true, 

. Let another wff contain atoms such 

that is a substitution that unifies to 

the maximum extent possible, and is a conjunction of 

equalities to be satisfied as specified by a disagreement 
set of ft ,,,L ^ 1 < 1 < m. If n ^ 


jl' 


5V 


jr 


i s true , then ~ 


Let B be a substitution that unifies <L., L.J and 
B be a conjunction of equalities to be satisfied as speci- 
fied by a disagreement set of <L^, ^j^® " ^ 
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If L occurs positively in ~ nega- 

f 

tiveiy in. then the HCRUE resolvent of 

and t/j is 


(D . & D . & Dl — > (tl .{FALSE/ L} V U .ETRUE/LI) , 
1 J i J 


If L is negative in and positive in U y then 

we have the following dual NCRUE resolvent: 


(D . & D . & D) — > (if .{TRUE/ L} V U .{FALSE/ L}} . 
1 J s. J 


We may use the rule for symmetry, defined 
4.2.6, with NCRUE applied to equality literals. 


in section 


4.2,5 The NCNRF male of inference (open form) 


Let a wff contain equality atoms such 
that 0^ is a substitution tjiat unifies {‘^ y . , to 
the maximum extent possible, and is a conjunction of 
equalities to be satisfied as specified by a disagreement 
set of ■f — ^ ® ^ — {— y w ^ y — Jr 1 ^ R ( If fS 


true, then 




If = has the form - ^2 occurs negatively in 

^i^i' ^ is a substitution and D is a conjunction of 

equalities to be satisfied as specified by a disagreement 

set of t ^2^* then the Hon—Cleusal Nfegat ive Reflective 

Function (HCHRF) resolvent of U . is 

1 
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(D . & D} — > 9}iTRUE/t = t^&>. 

1 2 1 12 


This is called t-he negative re/iective function ruJe 
because its most important application is when “ *2 
the form and occurs negatively 

in the wff. 


4.2.6 Rules for Symmetry 

Our two rules of inference as defined contain the 
implicit application of all the axioms of equality except 
symmetry. For the latter, we must apply the following rules: 

(1) If a wff f/^ contains equality atoms and 

when we perform the merging (factoring) on 
these two literals, factor them to two different conditions 
^ii ^i2' where is obtained by interchanging the 

arguments of equality in one of the factored literals. 

We form 



(2) When we resolve with another wff contain- 
ing negative equality literal c^, for each 

above, form two resolvents, the second obtained by inter- 
changing the arguments of equality in one of the input 
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equality literals. Thus, we form with 

" “Z',"! * V 


V'1= V 


« £>,; — > <U AFALSE/a J = a,, FALSE/b , = b,l 


where 


V U ^€TRUE/<i^ = 


°1 •' * 'l * *2 ‘ '2 


and also the second resolvent 


y^^Ci = c^> 


FALSE/bj^ = bp 

where 


V U ^{TRUE/C^ = cpi 


' ®2 “ * ^2 

Similarly, we form two resolvents corresponding to 
when we use the second factor of U.. 

The above is sufficient to build in the entire effect 
of symmetry. The virtue of using this rule, in place of 
including the axiom of symmetry ,in U, is that it leads to 
a less redundant application of this axiom while preserving 
completeness. Furthermore, it eliminates the need to store 
the symmetry variants of a wff. For example, we store one 

contains n equalities, 
instead of 2 symmetry variants originating in permuting 
the order of arguments in the equalities of D. 


copy of (D — > u f where V 
,n 


NCRDE-HCNEF Deduction 

il; 

Given a set of wffs U, an NCRUE-NCNRF deduction of 
from ii is a finite sequence of such that 



- 51 - 


LbN ... 

1 ; 

Acc. rlo. 


.. ■ ■ KAKY 

i04nr 


each /?^ is either a wff of U or an NCRUE-NCNRF resolvent 
of wffs preceding and where R^ is /?- 

4.2.8 NCROE Refutation of if 

A deduction of FALSE frosm if is called an NCRUE 
Refutation of U. 

We consider a small problem from [Pel 86] to illustrate 
the rules of inference. 

T^he set of wffs consists of just two wffs: 

if^s fCx, fCy, zf> = fCfCXf y), z) 

U^s f(a, f<b, fCc, d)}} # f<fif(a, b) , c), d) 


Here we can resolve these two wffs with the mgpu €a/x, 
d/zJ and the disagreement set if(b, f<c, d})sf(y, dJ, 
f<f(a, b), c)sf<a, yfJ to give NCRUE resolvent 

tf^ * > R^s 

Cf(b, f(c, d}} = ffy, d) & f<f<a^ b}^ c> = f(a, y>J 
— > FALSE V "^TRUE 

which siropli'fies to 

‘^Ef(b, f(c, d)> = f(y, d) « f(f{a, b) , c) - fra^ ylJ, 


Since we are resolving on two equality literals, we 
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will apply the rules for symmetry as well. If we interchange 
the arguments in the equality of then we have the fol- 
lowing resolvent with the substitution b), cJ/x, 

■f(bf -rtCf dJ}/zJ and the disagreement set <-f <-f <-f (a, b) , 
c> f y}sa, ffysr 'f(bf ■f<c, d}}}:dJ 

(f <f(af b}f c) , y} = a 9t f<y, f(b, -ffc, d)}> = dJ . 

For simplicity, we do not give the resolvents generated 
from the application of the rules for symmetry in further 
resolutions unless it is required. 

Now can be resolved on the sub-wff ffb, -fCc, d}) 

= t<y, dJ with ( variables x, y, z renamed to x^f 

y ^ with the substitution {b/x^j, c/y^, d/z^l and the 
disagreement set <'f<yr d}s-f<-f <b, c), dti to give 

-> R^s 

■f(f(b, c)f d) — > ’^(•f<-f(af b}, c) = f<a, y}}. 

Here we could have used the additional substitution 
if(b, c>/y> so that we get as '^(■f(-f<a, bJ , c> - f{a, 

■f(b, c}}. But to illustrate how NCNRF rule of inference 
works, we have omitted this. 

The equality f<y, d) = f(f(b, cJ , d) is negative in 
^2 and with the substitution cJ/y} and null 

disagreement set we can apply NCNRF rule to give 




f{y, d.) = 
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>ffCHRF ^3’ ’^(■fCfCa, b) , c) = f(a, ffb, c)}} 

which simplifies to 

’^(f(f<a, b>f c) = ffa, -ffbf c}}). 

Now, with the rule for symmetry applied to we can 

resolve Rj with a with the substitution <a/x, b/y, 
c/zJ and null disagreement set to give FALSE thus refut- 
ing the given set, 

y, * /?, > R.s FALSE. 

13 4 

We shall now consider an example from Group Theory to 
illustrate the rules of inference. 

Group Theory axioms : 


a^s 

•fte, x} = X 

Left identity 

^2'' 

f(x, e) - X 

Right identity 

^3'' 

f(g(x>f x) = e 

Left inverse 

^4'' 

•f(x, g<xJ) = e 

Right inverse 

^5'' 

■f(f<x, y}f z} = -fix, f<y, z)} 

Associativity 


Theorem: 

The inverse of the inverse of x 


is X- 
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i.e. g<g<x}} = x. 

The negated theorem, when skoiemized, is 

U ,z‘^<g(g(a} } = 

O 

The NCRUE-NCNRF refutation of this theorem is: 

if ^ f/, > R s '^(fCg{g(a}}f eJ = a) }€g(g(a)}/x> 

"2 t> 1 

S ^ ^ 1 . ^ 2 ‘ 

'^C-f(-f(g<g(a)>, y), z} = a & f (y , z) - el $£g(g{a}}/x} 

U, -f- R^ > fi,s 

e = •f(g(g(a}}f y) — > '^Cffy, a> ® el gia/x, a/ zl 

Uj -f- R^ > R^s ”“<-f (g(a) f a> * e) ;ig<a}/x, g(a}/yy 

^ R^ > R^z FALSE fia/xl 

Some more interesting examples are given in Chapter 10. 

4 . 3 Soundness and Completeness of NCRDE resolution 

We prove here the soundness and completeness of NCRUE 
resolution in open form, and in later sections, we give the 
results for strong form. 

Theorem 4.1 

The NCRUE rule of inference is sound. 

Proof z 

\ 

The proof is derived from the substitution axioms- for 
predicates and from the soundness of NCR [Mur 82] . 
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We must prove 

& Uj<P~<t > 

CD — > (U MCFALSE/Pfs V U jBCTRUE /P< t , ,t 9}J J 

where D ie a conjunction of equalities to be satisfied as 
specified by a disagreement set of PCs . fS^)9, 
P(t^, — where P(s^,.,.,s^) is positive in 

and PCt^f — negative in V ^ as indicated by P^ 
and P respectively. 

Suppose the antecedent is -true in some model M. If D 

is false in M, then the consequent is true in M, If D is 

true in M, then s^S ® in M for j D |, and thus 

by the substitution axiom for predicates, PCs 5^)9, 

P(t , — fC: )9 have the same truth value in M. Now this is 
1 n 

the same as resolving and 9 ^ non-clausally with the 

substitution 9, and by the soundness of NCR, the conse- 
quent is true in M. 

Thus, in all models in which the antecedent is true, 
the consequent must be true. □ 

Theorem 4.2 

The NCNRF rule of inference is sound. 

Proof: 

When a wff contains an equality, t ^ ^ t of the 

* 

form f (a which occurs negatively 
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substitution axiom 


X = 

c> 


— .> f<. 


k-1* k* k-^l‘ 


which states that a function does not change its value if 
one (or more) of its arguments is replaced by an equal argu- 
ment . 

We must prove 


U ^<-f ^ ^ - f <b . ,b >Q > 

CD — > U ^B{TRUE/r-(a *^k^^ 


.,b,}eyj 

k 


where D is a conjunction of equalities to be satisfied as 
specified by a disagreement set of 
f(b,f...,b, )B. 

1 k 

Suppose the above antecedent is true in some model M. 

If D is false in M, the consequent is true in M. If D is 

true in M, then a^e = b^e^ i=l,kj, in M, and hence 
■f(a^, — true in M, due to the 

above equality substitution axiom. Since the antecedent is 
true in M, it follows that U .6C7RUE/-f(a ,a,}9 =~ 

fCb ^, — true in M, Thus, for all M, if the 
antecedent is true, the consequent must be true. 

When t * 2 differ but do not represent the same 

function, then the only disagreement set is the origin 
disagreement and the application of NCSRF to nega- 
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tive = ^2 is redundant. We also note that = x> 

> FALSE by NCNRF, which, in effect, applies the reflex- 
ive axiom. □. 

Theorem 4.3 Completeness of NCRUE Resolution (Open form) 

If u is an E-unsatisfiable set of wffs, there exists 
an NCEUE-MCNRF deduction of FALSE from if. 

This result is for resolution in open form since we 

have not specified the substitution or disagreement set to 

« 

be used in applying the inference rules. 

The proof of completeness is derived from Horn sets and 
ground unit wffs. A set of clauses is in Horn -form if 
each of its clauses has at most one positive literal. In 
proving completeness, we apply the following theorem from 
unification resolution. 

Theorem 4.4 

If S is an unsatisf iable Horn set, there exists a 
factor-free, positive unit refutation of S. 

Proofs Refer to [DiH 86], 

Theorem 4.5 RUE Completeness for Born Sets 

If S is an E-unsatisfiable Horn set, there exists a 
groimd RUE-NRF deduction of the empty clause from S- 

Proofs Refer to [DiH 86]. 

Theorem 4.6 RCRUE Completeness for Ground Unit Wffs 


If if is an E-unsatisfiable set of ground unit wffs. 
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there exists a ground NCRUE-NCNRF deduction of FALSE 

■from U. 

Proofs 

The proof is derived from the RUE Completeness for 
Horn sets and the fact that any equal it7 axiom when con- 
verted to clause form gives only one clause. 

A set of unit wffs is a set of unit clauses too. Each 
equality axiom . whether in clause form or in well formed 
form contains at most one positive literal and hence is 
Horn. 

Since u is E-unsatisf iable, i/ U ^ is unsatisfi- 
able. Since £ is a Horn set and U is also a Horn set, 

U [J E is Horn. By Theorem 4.5, there exists a ground RUE- 
NRF deduction of empty clause from U, an E-unsatisf iable 
Horn .set. 

A binary resolution may be viewed as replacing matched 
positive and negative atoms by FALSE and TRUE, and form- 
ing the disjunction of the resultant clauses. Then the 
resolvent would contain (possibly multiple occurrences of) 
the literals FALSE and '^TRUE, which can be dropped by 
truth-functional simplification. The idea behind- NCR is 
also a similar replacement of matching atoms in parent wffs 
by truth values. The inferred formula is then the disjunc- 
tion of the resultant formulae, simplified (or reduced) 
truth-functionally. Because in NCR wffs are involved which 
are not necessarily clauses the reduction may involve more 
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than just dropping the atoms resolved upon. 

But in the present case both clausal and non-cl’ausal 
refutations will have the same resolution sequence. Hence, a 
positive unit refutation in clausal version can be rewritten 
in non-clausal form without changing the sequence. 

By Theorem 4.4, U \J E has a positive unit refuta- 
tion. We show how to rewrite R, the unit refutation of 
U hy unification resolution, as a refutation without 
the equality axioms using the NCRUE-NCNRF rules of infer- 
ence. 

With respect to U, the following are the equality 
axioms in well-formed form: 


E: 1. X = X re-flexivity f 

2. X = y — > y = X symmetry , 

3, X = y & y = z — > x = z transitivity , 

substitution in predicates for each n-place 
predicate symbol, 

5, X. = X — > f <x . ,x . ,x } = f<x^,..,,x t.,..x } 

X o 1' ' n ' o' • n 

substitution in functions for each n— place 
function symbol. 


Let /? be a ground, positive unit ' refutation of 
U by unification resolution, which is factor free. We 

now show how to remove each of the equality axioms from R 
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(3) In R every use of transitivity axiom will appear in 
the form 

^ “ *2 * *2 “ *3 ’ ^3 

I 

-rtg » V - tg. 

I 4-^ * 

1 

‘i *3 

j— -- V*i''V 

U^{TRUE/t' ■=“ t J 

Since R is a positive unit refutation, every use of 
the transitivity axiom in R must he in the above form (or 
possibly steps (1) and (2) interchanged). We replace the 
above sequence by 

! ^ (NCRUE) 

I *1 ' *2 

*2 ' *3 yrRUE/t^ =- t3J 

i tg = tg 

/ U£TRUE/i *” 

jL 1 O 

(4) In R every use of the substitution axiom for predi- 
cates will appear in the form 

OR , K O 

{ ^ ^ 

I O k 

I 

^ ^ ^ ^ ^ jr * } — — ^ P ( ^ » ^r f't jr tt w ^ ^ 

^ I . o 

I 

I PC 

I & 

PC 

I ^ 

f ^ 

I u ,<P^ ( ^ 

I 1 o 
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with possibly the order of steps (1) and (2) interchanged. 


In the above, the corresponding arguments of P , P are 
identical except at t We replace the above by 


ii.KP (...ft ,...}> 
X I O 

t 

I 
I 


p(...,t 


(NCRUE) 


k' 


t * t, — > U. {TRUE/P 
ok 1 , 'o' 


o k 


U.CTRUE/P (...ft 
i o' 

(5) In R every use of the substitution axiom for functions 
will appear in the form 

t^ = f(...ft^f...} = f(...,t^f...) 


^(...ft = ^(...ft 


t t, 
o k 


U.<Y(...,t f...} 

1 o 

f( — ft 


k' 




U.{TRUE/r(...ft fl..} »■" f(J..,t,f...}} 
i o ' k 

where the corresponding arguments of f<...,t^,...) and 

■f(...ft^f...} are identical, except at We replace the 


above by 


U^<f(.^.,t^f...) *■ ■f(...,t^f...}> 


NCNRF 


t = t, — > U.tTRUE/-f( ...ft } «“ ■f( ... ft, 

o k i , o ' k 


t * t, 

o k 


U .€TRUE/~f( . . . ft f...) f(...ft,f...)2 

r o k 

By applying the above transformations (1) to (5) we can 

transform R a positive unit refutation of U using 
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unification resolution, into a positive unit NCRUE-NCNRF 
refutation of U, Hence if U is an E-unsatisf iable ground 
set of unit wffs, there exists a ground NCRUE-NCNRF refuta- 
tion of u, which is a factor-free, positive unit refuta- 
tion. Q 

Theorem 4.7 Completeness of NCROE Resolution (Open form. 
Ground case) 

If U is an E-unsatisf iable set of ground wffs, there 
exists an NCRUE-NCNRF deduction of FALSE from f/- 

Proofs 

Let k<U} be the total number of appearances of 
literals in u minus the number of wffs in u. Our proof 
is by induction on k<U), the excess literal parameter , 

For example, k<U) for the following set of wffs U, 

is ^5 <P < — > Q} IS R 
U^s "^P & Q & '-R 

is 4. 

If kOJ} - &, then u consists of only ground unit 
wffs. By Theorem 4.6, there is a unit NCRUE refutation of U 
that is factor free. 

Now suppose our theorem holds for ii ground and k<U) 
< n. We show that it holds for kSi/l « n + l. 

Suppose ground iS has n + i excess literals. Consider 
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a wff of a having an excess literal 1- Depending on 

how L is effectively connected to other sub-wff, say 

in we will have 4 different cases. 

Case(i)*. L 

Define u as y - and tfjr as and 

JV 

as ii ^ Since U is E-unsatisfiable, so are 

y U and u y tu^}. Since both of these have n 

or fewer excess literals, they both have NCRUE-NCNRF refuta- 

tions . 

» > 

Now consider the refutation of ^ U 

Modify by adding back the literal L to the wff (1^. 

This may give an NCBUE-NCNRF refutation of u in which case 
we derive a FALSE without the participation of L. Other- 
wise, this will give an NCRUE derivation of L from (l- By 

appending to this derivation the portion of the refutation 
of y’ y fy^^? where l is refuted, we get an NCRUE-NCNRF 
refutation of ground u, which has r> + 1 excess literals. 

We note that if U -CLI is used » times as an 

input wff in then the residue in is L taken » 

times, L V L V .. .V L, which is merged to the unit wff L, 

Hence, the refutation we have constructed to refute il is 

not necessarily factor free. 

Case(ii): & £. 

Define u as y - y’ a.s - clj and y^ as 

“ ^F^i. Since u is E-unsatisfiable, either of 

y U LU^} or y U fu^} is E-unsati sf i ahi 


<-\v* Kf's+T-A 



65 


at least u’ U will give a derivation of "'i-- 

Let us assume that u is E-unsatisf iable. 

Since it has n or fewer excess literals, there is an 
NCRDE-NCNRF refutation. This will give us an NCRUE-NCNRF 
refutation of as well, because when we reduce in 

the sub-wff (F^ & U to FALSE, irrespective of L the 
whole sub-wff reduces to FALSE, 

If U is E-unsatisf iable, then it is a dual 

case of the above. 

If y* U gives a derivation of then 

resolve It with, the sub-wff « L) when it is derived in 

R with the literal L added bach, to give an NCRUE-NCNRF 
refutation of U, 

Hence, we have got an NCRUE-NCNRF refutation of U, 
which has n + 1 excess literals. 

Case(iii): (at F^ —> L 

Define ii as ^ as — > 

L} U €'^F^} and as - LF^?. 

The proof is same as that for Case(i). 

Cb} L — > F^ 

Define it as if - <tf^ff if^ as ~ 

- LL — > F^J U 

Now the proof goes along the same lines of Case(i). 

In both (iil) (a) and (b) the proof simply involves 
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rewriting — > L and L — > as K £ and V 

F^ respectively. 

Case(iv): F^ <--> L 

Define u' as if - as - fF^ <— > 

L} U iF^ — > LJ and as - CF^ f — > £> J ££ — > 

V- 

* 

• 1 

Since u is E-unsatisf iable, either of t/ U or 

> •• 

U U or both are E-unsatisf iable. 

> > 

Let us assume that U (J is E-unsatisf iable. 

But, it has n + 1 excess literals. So, by the Case(iii) (a) , 
there is an NCRUE-NCNRF refutation. This will give us an 
NCRUE-NCNRF refutation of U as well. 

If ^ is E-unsatisf iable, then by 

Case(iii)(b), there is an NCRUE-NCNRF refutation. This will 
give then an NCRUE-NCNRF refutation of U, 

Hence we have got an NCRUE-NCNRF refutation of if, 
which has n + 1 excess literals. 

Thus, we have proved the existence of an NCRUE-NCNRF 
refutation of' U, which has n + 1 excess literals in all 
possible cases. 

This completes the induction and proves that if U is 
ground and E-unsatisf iable, it has an NCRUE-NCNRF refuta- 
tion. □ 

A variation of this proof by inducing on the number of 
binary connectives in the set u. is given in Appendix I. 
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Theorem 4.8 Herbrand’s Theorem 

A set y U fy is unsatisf iable iff there is a finite 

> > 

unsatisf iable set, call it U of ground 

instances of wffs in U \J £y- 

Proofs Refer to any of [ChL 733, CLov 78]. □ 

Theorem 4.3 C<»iq;>leteness of NCRDE Resolution (Open form. 
General case) 

If y is an E-unsatisf iable set of wffs, there exists 
an NCROE-NCNRF deduction of FALSE from y. 

ProoYz 

By Theorem 4.8, if U is E-unsatisfiable , there exists 

a substitution & that instantiates U to a ground set 
* » 
y f which is E~unsatisf iable. y may have multiple and 

distinct instantiations of the same wff in li. We have 
proved in Theorem 4.7 that u’ has an NCRUE-NCNRF refuta- 
tion which now serves as a refutation of u based on the 
substitution 9. Our proof is in open form, since we have 
not shown how to form 9. □ 

4.4 HORDE Resolution in Strong Form 

In this section, we wish to select a disagreement set 
and substitution that preserves completeness. Most of the 
definitions and examples are reproduced from [DiH 86]. 

Consider the following E-unsatisfiable set of wffs; 
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Us 1. P<f(x, b)) 

2, ’^P(f(a, ci) 

3- ^(b, b) = rfa, c) 

Using the mgpu (most general partial unifier) and the 

•bottommost disagreement set, NCRUE Resolution resolves 

P(-ffx, b)) 

I 

I ■^P(-f<a, c}> 9s a/x 

I 

■^(b = cf 

We cannot erase "^(b = c), because we cannot derive b = c 
from the set U, and hence we cannot refute 

From the above example, it is clear that the constant 
use of mgpu and bottommost disagreement set makes the NCRUE 
rules of inference incomplete, just as in the case of RUE 
Resolution- To refute the above, we must substitute b/x 
and resolve to the topmost disagreement set. Now, we will 
define a substitution and a disagreement set that are compa- 
tible with completeness. 

4.4.1 Selection of a Disagreement Set 

With respect to proving equality from an input clause 
set s, we have the following lemma, whiqh is also true for 
the case of proving equality from an input set of wffs 

Leamta 4.1 (On Proving Equality) 

Given nonidentical terms, t^, a necessary condi- 
tion that “ *2 proved from i/ (J is: 
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(1) = tg form f -- 

where a^. = b^, i=i to k, can he proved from U U £y/ 

or 

(2) there exists a transitivity chain in positive equality 

literals appearing in Us 

< 

^ ^ ~ ^ ^ ''2® ~ ''2® ^ ^ ~ ~ * 2 ' 

9 9 

where ''i ~ f i~l,2, , . . ,k , are 

literals of U instantiated by B, and ~ denotes 
identity ( = ) or equality ( = ). When the link r .B 
^i+1^ is equality but not identity, these two terms 

must start with the same function symbol whose 
corresponding arguments can be proved equal from 

^ U 

Proofs Refer to CDIH 86]. □ 

The lemma has a recursive character that states that 
*1 ~ <‘2 oan be proved from (J only by means of a set 

of one or more chains of the form defined in (2). 

Note that in condition (2) the transitivity chain is 
purely in literals of U, which are linked by identity (=) 
or the equality substitution axiom for functions. We have 

excluded a link by equality in which the substitution axiom 

/ 

I 

for functions is not applied. 

This lemma is a necessary but not sufficient condition 
because the equality literals of u used in condition C21 
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may not appear as unit wffs in U and must be so derived 
before we can prove - tg' 

4.4. 1.1 Definition (Viable Disagreement Set) 

Using the Lemma 4.1, we can define a disagreement set 
to be via-bie, thaf. is, can possibly participate in a refu- 
tation, only if it satisfies the following conditions: 

(1) For each "^( 5 ^= t^) in the disagreement set, we have 

that for there is a term a that is the argument 

of a positive equality literal in if, such that 
either unifies with a or matches a on leading func- 
tion symbol. In the latter case, roust have a 

viable disagreement set below the origin disagreement. 
The same is also true for and some other term b 

that is the argument of a positive equality literal in 
u. 

(2) In case there are some "^(5^= t that do not satisfy 

the above, then there is a substitution unifying 
with for each of these- negative equalities, thus 

converting their logical sum to FALSE. 

Furthermore, the substitutions used to satisfy the 
above condition must be compatible so as to form a single 
composite substitution. The empty disagreement set is always 
considered viable. 

We introduce the equalities, specified by a disagree- 
ment set, as conditions (effectively negative equalities) 
into the resolvent at every resolution step. It is obvious 
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that such inequalities need to be erased, in order to derive 
a FALS£ from any resolvent, by resolving each with a posi- 
tive equality, either present in the initial set of wffs or 
deduced traversing through a transitivity chain among posi- 
tive equalities. The viability check on disagreement set 
essentially ensures beforehand that such a positive equality 
indeed can be deduced. Thus, we will never generate a resol- 
vent with inequalities that can not be erased. In other 
words, we generate only those resolvents that lead to a 
refutation. Thus, the viability criterion acts as a guidance 
in reasoning about equality. 

The definition of viability is recursive, and the 
recursive iteration is finite because each of the terms, 
and has a finite nesting of function ssnnbols (the 

recursion peels these off and thus terminates). 

Viability is a necessary but not sufficient condition 
that we can prove ^i “ ^ ®nd thus erase the 

corresponding negative equality in a resolvent. An NCRUE- 
NCNRF resolvent is viable if its disagreement set is viable. 

Consider the example 


1. -fCx) - b 

5 , P(fCa}} 

2 , b = c 

6. '^P(gCd}> 

3. c = d 

7. '^P(g(a>). 

4, d = g<b} 
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If we resolve P<f(a>) with '^P(g(d}}, w© obtain * 

g(d}}f which is viable since r<a} unifies with f<.v} in 
1 and g<dJ matches on function symbol with g(b} in 
with '^(d = b) being viable. We can in fact refute U by 
resolving P(r(aJ) with ■^P(g<d)}. On the other hand, if 
we resolve P<f<a>} with ’^P(g<a)>, we obtain '^(f<a> = 
g(aJJ, which is not viable. We cannot refute U by resolv- 
ing 5 and 7 - 

Now note that in 

Ut 1. P(-f<a)} 

2. '^P(f(b)) 

3. a = b 

we are saying that in resolving 1 and 2, the negative 

equality - ■f(b)) is not viable. Obviously, '^('f<a) 

= f(b)) can participate in a refutation if we apply NCNRF 
to reduce it to "^(a ^ b), but by stating that it is not 
viable, we are forcing the theorem prover to go immediately 
to '“(a - b> and to suppress the appearance of "^(fCa) = 

■f(b)}. When viable, this means either 

that it cannot participate in a refutation because 
fails to satisfy the lemma or that the lemma requires in 
condition 1 that we proceed to lower level disagreements. 
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4 . 4 . 1 . 2 Rule for Selec'blng “the Dlsagreemenl; Set in NCROE 
and NCNRF 

In resolving P^(s . .,s and P by 

NCRUE or in reducing a negative equality “ *2 

NCNRF, choose as D the topmost viahl© disagreement set. 

We choose the topmost viable disagreement set as P 
because by using the NCNRF nile we can derive from D any 
lower level viable disagreement if it is needed in a refuta- 
tion, When none of the disagreement sets in NCRUE and NCNRF 
are viable, then it is useless to form the resolvent since 
it cannot appear in a refutation. Our rule of selection will 
yield either one or no resolvent when we apply NCRUE and 
NCNRF. We will prove, in section 4.5, that this rule 
preserves completeness. 

The weakness of the viability test lies in the fact 
that when t/ contains the literal x ® y or the literals 
X = t and y » f , then all negative equalities become 
viable and the filtering effect is lost. In this case, we 
always resolve to the topmost disagreement set. 

4.4.2 Selection of a Substitution 

Since the use of the mgpu at each step of NCRUE-NCNRF 
can actually prevent a refutation, we now qualify the appli- 
cation of the mgpu. We state the rules of unification for 
NCRUE and NCNRF, respectively. 
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4. 4. 2.1 The HCROE Ouiflca'tion Rale 

In forming the unifier of complementary literals 
P~ in NCRUE, we unify on a Variable x except at an 
occurrence where x is the argument of a function, say 
fCxJ, such that there is a viable disagreement set of P*, 
P , having a negative equality in the form -fCxl = fCtJ. 

N.B.: fCxJ denotes one occurrence of x ansrwhere in 
the argument structure of -f , and similarly for t in . 

t and X are at corresponding argument positions so 
that it is possible to unify x with t in P^, P - 

We may apply this rule to a specific occurrence of x 

without regard to any side effect on other occurrences of x 
in its clause. Consider the example given in [DiH 86], 

Ug i. P(f(x)) V Q(x^ y R(g<x}} 4. 

2. ’^P(f(a}) 5, b = c 

3, 6, » -fKbJ 

In resolving P and '^P we do not unify on x 

because it is the argument of a function and the functional 
disagreement f(x}g-f(a) is viable without the unification. 
Here we resolve to . 

■ffx} - -ffa} — > C Q(x) V R<g<x}>J. 


We are actually not foreclosing the unification a/x, which 
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can now be applied with NCNRF to = tfa), if neces- 

sary. We are simply making it possible to explore the eras- 
ure of f(xJ= fCa; without this unification. 

In the above set, our rule of unification permits us to 
unify on x in resolving Q with '^<3 and with 

because in Q, x is the argument of a predicate, and in fl, 
X does not participate in a viable functional disagreement. 

A careful examination shows that the NCRDE unification 
rule produces only resolvents leading to a refutation in 
this set by permitting the substitutions b/x or c/x, but 
not a/x. 

4.4. 2.2 The NCMRF Unification Rule 

When NCNRF is applied to x - t we unify with t/x 
to erase this negative equality. In applying NCNRF to 

and forming the unifier of 
these opposed terms, we unify on a variable x except at an 
occurrence where x is the argument of an inner function ( 
say, gCx3, which appears within the argument list of f 
) , such that there is a viable disagreement set of 
•f<a^, , . . ,a^ r f <b yr • -r having a negative equality of 

the form gCxJ gCtJ. 

N.B. *. gCxJ denotes one occurrence of x anywhere in 
the argument list of g, and similarly for t in gCtJf x 
and t are at corresponding argument positions so that it 
is possible to unify x with t- 

This is quite similar to the NCRUE unification rule 
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except that we state that x is the argument of an inner 
function and not of the outermost function f - 

Consider again an example given in [DiH 86] , 

Ui 1. C f<g(x}) = f<g(c)J & f<x} = ■f<b) J — > P(x} 

2. g(ai} = 9(0 

3. a ^ b 

4. '^P<a}. 


In applying NCNRF to •f<g(x)> * •ffg<c}}j, we do not 
unify g(x} and g(cJ because x is the argument of an 
inner function and the disagreement g(x}sg<c) is viable 
without unification. However, we do unify in applying NGNRF 
to ■f<x) -fib). 

4 . 4 . 2 . 3 Rule for Selecting the Substitution in MCROE-NCNRF 

In resolving — ,s^} with P~<t ^, — by 

NCROE or in reducing by NCNRF, choose as 9 the 

left-to-right mgpu-qualif ied by the NCRUE-NCNRF unification 
rules. We call this substitution HCRUE Unifier of P^ f P~ 
or iy fg. 

4.4.2. 4 NCEUE Rule of Inference (Strong Form) 

Let a wff u^ contain atoms such that 

9^ is an NCRUE unifier of and is a 

conjunction of equalities to be satisfied as specified by 
the topmost viable disagreement set of }& . = 

XI in 1 

* « 

^^il' " f <1 At <; n. Under the condition that is 
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true, - iL^I. 


Let another wff contain atoms L such 
that is an NCRUE unifier of -CL . ,L and Dj is 
a conjunction of equalities to be satisfied as specified by 


the topmost viable disagreement set of €L . ^ = 

# * 

1 ± 1 < n. If D. is true, then 

^^jl'"''^jl^ * j 

Let e be an NCRUE unifier of iL^, L and D *be a 

conjunction of equalities to be satisfied as- specified by 

> 

the topmost viable disagreement set of Lj3-e = 

If D is true, then “ iL>. 

} 

If L occurs positively in B) - t/^ and nega- 

tively in UjOj* B) * tij, then the HCRUE resolvent of 
and U ^ is 


(J)^ & D. & D) — > (U^tFALSE/Ll V U.{TRUE/L>>. 


If L is negative in and positive in By then 

we have the following dual NCRUE resolvent: 


(D^ & & D> —> (B^iTRUE/Ll V UAFALSE/L}> 


We may use the rule for symmetry, defined in section 
4.2.6, with NCRUE applied to equality literals. 
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4. 4. 2. 5 NCNRF Rule of Ixiference (S1;rong Foim) 

Let a wff contain equality atoms such 

that is an NCRUE unifier of €= and Z?^ is a 

conjunction of equalities to be satisfied as specified by 
the topmost viable disagreement set of <- j, — ,=^>9. = 

r r f • 

1= 1 t k < Tt . If is true, then 

= €=}. 

If * has the form and occurs negatively in 

^i^i' ^ NCRUE unifier of and 9 is 

a conjunction of equalities to be satisfied as specified by 
the topmost viable disagreement set of ^ * 2 ^* then the 

Hon-Clausal Negative Reflective Function (NCNRF) resolvent 
of 0^ is 

(D^ & DJ — > SliTRUE/t^e » t^9}. 

We shall reconsider the example given in section 4,2.8 
to illustrate the rules of inference in strong form. The 
wffs are 

t/^s f(x, f(y, z)) ^ f<f(x, y), z) 

f<a, fib, f(c, d}}} ¥ f<f<f<a, b), c) , d) 

The first resolution as given in section 4.2.8 conforms 

to the NCRUE unification rules. Thus, the resolvent R. is 

1 
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^ ^2 


'C-f(b, 


> R 

f(c. 


l' 

d}} 


f{y, d) & b},c} = f(a, y>3. 


But, the symmetry variant of first resolution as given 
in section 4.2.8 is not viable though it conforms to the 
NCRUE unification rule and hence it will not take place. The 
disagreement set f<b, d)))sd, ■f<f('f(a, bJ, c) , 
y}say is not viable because there is no positive equality 
in the set, such that a unifies with one of the arguments 
of that equality, and similarly for d also there is no 
positive equality, such that one of its arguments unifies 
with d. 

In resolving Ry i/j, . using NCRUE resolution in open 
form, we can use the substitution ib/jXy c/y^, d/Zj^r 'f<b, 
c>/y}. But, it does not conform to the NCRUE unification 
rule, as c is an argument of inner function in ■f(bf fCc, 
d}J, Hence we will use {b/Xy and the disagreement 
set <f<Cjr dis-ffyy d)} to generate the resolvent 

^ ^ ^ 2 ’ 

■f(c, d} = ^(y^, di — > b), c) * ■f<a, ^(b, c))} 


Now NCNRF rule can be applied to the sub-wff, the 
antecedent of the implication in Ry With the substitution 
ic/y^j we get 

^2 NCNRF ^ 3' b} f cJ - ffb^ c))} 



Again we are not permitted to unify •f<bf c), f<y, z) 
and f<ar b) f fCXf yj in order to resolve (f^r under 

NCRUE unification. Hence, we use ia/x, c/zi and disagree- 
ment set b}zf(a, y), fCb, c)s-f(y, cJJ to generate 

f/ V- R > R s b) - f(a, y) & t(b, c) * fiy, cJJ 

Jo ^ 

Applying NCNRF to with the substitution ib/yJ on 

equality -fCa, b} = ^(a, y> we get 

"^4 —^tiCHRF ^5’ 

which can be reduced to F^LSf by one more NCNRF applica- 
tion. 

^5 ^RCNRF ^ 6 ' 

For the Group Theory problem illustrated in section 
4.2.8, the first three resolutions confonn to the strong 
form of NCRUE resolution. 

In the fourth resolution we unified g(g(a}}f g<x) 
with {g<a}/x> where these two are arguments to a function 
in respective wffs. Since this substitution is not allowed 
under NCRUE unification rules, we get a different resolvent. 
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R_ -f- U- > R.s g<g<aJ) = g(y) — > s} = e) $-Ca/x} 

3 3 ^ 

^5' aJ = e; ffg(a}/y} 

R^ -f- > R ,t FALSE ;{} 

o 3 o 

4.4.3 The Equality Restriction 

For further efficiency we extend the equality restric- 
tion, imposed on’the RUE resolution of complementary equal- 
ity literals [DiH 86], to MCROE. 

The NCRUE resolution of s^> and = 

is permitted only if at least one pair in the set of 
pairs ^2**2'^ unifies or matches on 

leading-function- symbol. In the latter case, the pair must 
have a viable disagreement set below the origin disagree- 
ment . 

Hence, to resolve equality literals we must satisfy 
both the above equality restricljions and be able to select a 
topmost viable disagreement set as previously defined. These 
two conditions appear similar but they are not the same. In 
finding a topmost viable disagreement of the complementary 
literals = ^ 2 * " ^2' matching by unification or 

matching on leading-function-symbol occurs with other 
literals of U, 

Consider the E-unsatisf iable set: 

Us 1 , "{'a = bJ 4, c = c 

2. c = d 5. b = r 
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3 m S ^ 

"^(a = b) should not be resolved with c = <# because 
the equality restriction is not satisfied even though the 
resolvent '^<'a » c & 6 » dJ is viable. Out of the five 
candidates that resolve with b), only two satisfy 

the equality restriction, namely, a = e- and b = -f. The 
NCRUE refutation of U can be achieved within the con- 
straints of the equality restriction. 

The completeness of the equality restriction is proved 
in section 4.5. 

4.5 Completeness Results for NCROE Resolution in Strong 
Form 

In this section we prove the completeness of the top- 
most viable disagreement set, the completeness of the equal- 
ity restriction, and based on these completeness results 
state a conjecture for the completeness of NCRUE resolution 
in strong form. 

Lemma 4.2 Conqpleteness of the Topmost Viable Disagreement 
Set 

If u is E-unsatisfiable, there exists an NCRUE refu- 
tation of U that uses the topmost viable disagreement 
set at each deduction step. 

Proofs 

Since u is E-unsatisfiable, by completeness there 


I 
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exists an NCRUE refutation of (J, call it /?- 

The viability criterion is a direct application of 
Lemma 4.1, which states a necessary condition for proving 
equality in f/- If a disagreement set is not viable, it 
contains a negative equality, a = b, whose compleBient a 
- b does not satisfy condition (2) of Lemma 4.1 and, hence, 
this equality cannot be derived from u which means that a 
=~ b cannot be erased. The only way of erasing a - b in 
a refutation is by traversing transitivity chains that 
derive a ~ b from U, and these do not exist when a = b 
is not viable. 

Hence, a disagreement set appearing in a deduction step 
of R must be viable, that is, it can only contain viable 
negative equalities. 

If D/ a disagreement set in a deduction step of Rf 
is not the topmost viable disagreement set, then we can 
modify this deduction step to use the topmost viable 
disagreement set by introducing NCNRF steps to descend to 
D, that is, we replace 

u .<L^ (s , ,s }> 
i 1 , n 

I u ,<L~ (t , .,t )> 

! j 1"^ ' n 

D — > CU ,BiFALSE/L(s . fS >9} V U fi^TRUE/ L(t . ,i )9JJ 
1 1 ' n 3 1' ' n 

by 
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,s )> 
* n 




.t )> 
n 


Z? — > CU .eiF ALSE/ Us ., . . . ,s }&> V U METRUE/ L<± 
i 1' ' n j 1 

topmost viable disagreement set 


' * r 


t )ejj 
n 


} HCNRFs using the 

I topmost viable disagreement set 

I 

D —> £U^G{FALSE/Us^,..,,s^)9} V U ^BiTRUE/ Ut , ^t eJJ 

The same is done with any NCNRF step in R that does not 
use the topmost viable disagreement set. 


This modification procedure can be applied to any NCRUE 
refutation of U so that every refutation has a canonical 
form using the topmost viable disagreement set. 


In respect to the equality restriction, derived from 
Lemma 4.1, we have the following Lemma 4.3 which leads to 
its completeness, stated by Lemmas 4.4 & 4.6 for the ground 
and general cases respectively. 

Lemma 4.3 (On the Equality Restriction) 

If is a set of positive unit equalities such that 

^ E-unsatisf iable, then there 

exists a linear-input refutation of this set that 
satisfies the equality restriction and has the form . 
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I 


(HCNRF} 



I 


f 

f 



I 


FALSE 

wtL'©2r© i C 

I 

■the refutation substitution. 
required NCNRF step applied to 


and 9 
(NCNRF) 


"^(t = t > 

1 2 


being applied as 
denotes a possibly 


Proo-fs Almost similar to its clausal counterpart, given in 
CDiH 863. □ 


Lemma 4.4 Completeness of the Equality Restriction (Ground 
Case) 

t 

If U is an E-unsatisf iable ground set, there exists 
an NCRDE refutation of U that satisfies the equality 
restriction. 

Ptoof s 


Let k(lf) be defined to be the total number of appear- 
ances of literals in U minus the number of wffs in U. 
Our proof is by induction on k(U), the 
paraaeter . 


excess liter&l 
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(1) Suppose k(U) - 0f u is a set. of unit wffs. Choose 

any negative wff in U that we assun»e is minimally E- 

incons i stent . . 

(a) If is a negative equality since a 

is minimally E-inconoistent it must have the form U = 

U where is a set of positive 

unit equalities. Hence, by Lemma 4.3, there is an NCRUE 
refutation of U that satisfies the equality restric- 
tion. 

(b) If is a nonequality literal, then 

u must contain its complement PCs . .fS and we 

can resolve 

P(s^,...,s^} & '-P<tj_,...,t^} > Vr 

the topmost i^iable (fisagreement set. 


Since U is a minimally E-inconsistent unit set with k(U) 


= 0, if 

D is not empty. 

it 

follows that if - 


’-P{t.,,.,,t)j is a 

1 n 

set 

of unit positive 

equalities 

and that Pg U fP.? 

is 

E-unsatisf iable. Let 


9 

D =• - t , i=l,2,...,k}. We can apply Lemma 4.3 to 


f~rt^ * 


U “e 

to 

obtain P., 
i 

wliic-h satisfies the 

equality 

restriction 

. The 

concatenation 

of the R 


9^ W 

then 

forms 

a refutation 

/? 

of e/g U fPJ- 


Hence, if we begin with P(s.,,,,,s ) & '^P(t^, ,t } > D 

Tt X " Ti 

and apply R to P, we have a refutation that refutes if 
and satisfies the ecualitv rfiK+.v5r»n 
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We have shown that when kdJ} = 0, there is a refuta- 

\ 

tion of U that satisfies the equality restriction. t 

(2) Now suppose our Leuuna 4.4 holdi-j for ground Hnd 

kdJ} < n. We show that it holds for /.fi/J = jv + i. 

Suppose ground y has a + l excess literals. Consider 
a wff of y having an excess literal i- Depending on 

how L is effectively connected to other sub-wff, say 
in tl^j, we will have 4 different cases. 

Cased) : f'l ^ ^ 

Define u' as u - iU and as - tLJ, and 

y^ as y^r - Since u is E-unsatisf iable, so are 

y U ^y^^^ and y y Since both of these have a 

or fewer excess literals, they both have NCRUE refutations 
that satisfy the equality restriction. 

> > 

Now consider the refutation of y U 

> 

Modify /?^ by adding back the literal L to the wff Uy 
This may give an NCRUE refutation of U in which case we 
derive a FALSE without the participation of L, Other- 
wise, this will give an NCRUE derivation of L from U, By 
appending to this derivation the portion of the refutation 

} If . 

of y y where L is refuted, we get an NCRUE refu- 

tation, that satisfies the equality restriction, of ground 
y, which has n + 1 excess literals. 

CaseCli): & L 

Define y as y - fy^J, y^ as y^ - €L> and yj as 
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- {F^}, Since u is E-unsatisfiable, either 

ti U or y U is E-unsatisfiable, or both, or 

at least U y will give a derivation of 

Let us assume that ti (J is E-unsatisfiable. 

Since it has » or fewer excess literals, there is an NCROE 
refutation that satisfies the equality restriction. This 
will give us an NCRUE refutation, satisfying the equality 
restriction, of u as well, because when we reduce F^ in 
the sub-wff fF^ & L) to FALSE ^ irrespective of L the 
whole sub-wff reduces to FALSE, 

9 «* 

If U is E-unsatisfiable, then it is a dual 

case of the above. 

If y U gives a derivation of "^L^ then 

resolve it with the sub-wff (F^ & L) when it is derived in 
R with the literal L added back, to give an NCRUE refu- 
tation of u that satisfies the equality restriction. 

Hence, we have got an NCRUE refutation of U, which 
has » + 1 excess literals, satisfying the equality restx'ic- 
tion. 

Case(iil): fB} F^ — > L 

Define u as ^ - EU^J, as if ^ - EF^ — > 

L} y and f/" gjg 

The proof is' the same as that for Cased). 

{b} L —> F^ 

Define U as « - EU^}, as - EL> and as 
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~ {L — > F^I U 

Now tKo proof goes along the same lines of Case(i). 

Case(iv): < — > L 

Define u' as U - as - ffj, < — > 

LF u FFj^ — > LJ and u[ as - fF^ < — > LF u €L — > 

Fi^. 

Since u is E-unsatisf iable, either u U and 

y U is E-unsatisf iable or both. 

9 t 

Let us assume that U (J €U^F ig E-unsatisf iable. 

But, it has . » + 1 excess literals. So, by the case(iii) (a) , 
there is art NCROE refutation that satisfies the equality 
restriction. This will give us an NCRUE refutation of* U 
as well theit satisfies the equality restriction. 

If y’ U is E-unsatlsf iable, then by 

Case(iii) (b) , there is an NCRUE refutation. This will give 
then an NCRUE refutation of u satisfying the equality res- 
triction. 

I 

Hence we have got an NCRUE refutation that satisfies 
the equality restriction of u, which has » + 1 excess 
Literals. 

Thus, we have proved the existence of an NCRUE refuta- 
tion that, satisfies the equality restriction of u, which 
has » + 1 excess literals in all possible cases. 

This completes the induction to prove that if ii is 
ground and E-unsatiRfi»Ki<^ 
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satisfies the equality restriction. □ 

Iientma 4.5 Corapleteness of the Equality Restriction (General 
Case) 

If u is an E-unsatisf iable set of wffs, there exists 

an NCRUE refutation of ti that satisfies the equality 

restriction. 

Proof: 

Since U is E-unsatisf iable, w (J is unsatisfi- 

able and, by Elerbrand’s Theorem, there is a finite unsatis- 

* y 

fiable set IJ E’y of ground instances of wffs in 

iT 

y U Ej-j. Hence, the ground set 0 is E-unsatisf iable. By 
Lemma 4.4, there exists a ground NCRUE refutation of , £/ . 

that satisfies the equality restriction and serves to refute 

u. 

Completeness of the equality restriction has been pro- 
ven in open form since we have not specified the substitu- 

> 

tion e which instantiates y to y and is the basis for 
a refutation of U satisfying the equality restriction. Q 

To Illustrate the role of the equality restriction con- 
sider the E-unsatisf iable set 


Us 1. *“ra * b} 


4, e = c 


2. c = d 


5. b = -f 


= d. 


3, a 


6 . f 
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chain 


a = eZe = cZc = dZd=-f"Zf = l>- 


The equality restriction requires that ""(a = t.) 

traverse this chain from endpoint to endpoint (see the fig- 
ure below). In the second refutation, we are traversing the 
same chain of equalities, but we enter the chain at an inte- 
rior point and work outward to each endpoint. 


(a = b) 


I 

\ 

I 

I 

I 

f 

I 


as opposed to, 
for example 


fa b) 

(does not 
satisfy 
equality 
restriction! 
c ~ d 


(b ^ e) 


(b = c) 


(b = d! 


c = e 


d = c 


f = d 


<b 




a = e 

- c & b - d) 

[ e = c 

<a = eJf — > = d) 

; a = e 

d.) 

f = d 

'<b = 

b = f 

j 

FALSE FALSE 

Conjecture 4.1 Completeness of NCROE Resolution in Strong 
Form 

The completeness of the NCRUE-NCNRF rules of inference 
is preserved if at each application of these inference 
rules we 


(b = f} 


I n = -f 
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(1) choose as e, the NCRUE unifier, 

(2) choose as D, the topmost viable disagreement set, 

(3) satisfy the equality restriction when resolving comple- 
mentary equality literals. 

Support for Conjectures 

We have proved in Lemmas 4.2 and 4.5 that if if is E- 
unsatisfiable there exists a refutation that uses the top- 
most viable disagreement set and applies the equality res- 
triction. Hence, we have proved completeness in respect to 
parts (2) and (3), It yet remains to prove that a refutation 
exists that satisfies the NCRUE-NCNRF unification rules. 

In [Dig 831 Digricoli has defined a transformation pro- 
cedure that, given a refutation of S, an E-unsatisf iable 
set of clauses, that satisfies properties (2) and (3) and is 
based on a composite substitution 0, transforms 0 so 
that it conforms to the RUE-NRF unification rules. Though 
there is no guarantee that this procedure terminates, it 
yields on termination a refutation that satisfies all three 
properties stated for RUE resolution. We feel that this 
transformation procedure should easily be extendible to the 
non-clausal case, thus providing more justification for our 
conjecture. □ 

4.6 NCRUE Resolution on sub-wffs 

We will first define the notion of a disagreement set 
with respect to two complementary sub-wffs, and then give 
the rules of inference. 
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4.6.1 A Disagreement Set of Complementary Sub-tvffs 

A disagreement set of complementary sub-wffs, F 
where contains the literals 

and Fg contains the complementary 
literals defined 

as the union 


D 


k 


u 

x=l 


D . 

i 


r 


where is a disagreement set of the corresponding 


complementary literals 


ir"'^^in' 




,,t, }. 

in 


The topmost disagreement set of F Fg 


is the union 

of topmost disagreement sets of corresponding complementary 
literals. 


Using the substitution axiom for every predicate sym- 
bol, we can state that 


F^ * Fg > V 

where D now represents the negation of a conjunction of 
the equalities to be satisfied as specified by any disagree- 
ment set of Fy Fg. In NCRUE we can resolve F^^ and Fg 
immediately to D, 

For example, by NCRUE we may resolve 
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P<f(at, h(b, g<c.)))> op Qt<i<J<a}f k<b)}> 

I 

I 

j '^CP(f<b, h(c, g<di}))} 

I op QCi(J(<i>r k(eJ}}J 

I 

D 

in 4 3 distinct ways depending on our choice of D. We 
may resolve to h<b, g(c)}> = f<b, h(c, g<<i>}) & 

i(j(a}, k(b)) = i(J(d)r k(e})}, to '^<'a =^b&b = c& c = d 

\ 

& a = d & b = e}, or to an intermediate level D. So, if, 
in a sub-wff, there are k distinct literals having maximum 
depths of Tiy — ,n^ then there are k n^* 
distinct ways of choosing D. 

Similarly with respect to NCNRF, the sub-wff containing 
only negative equalities 

ffa, h(b, g(c>}} =“ ■f{b, h<c, g(d)J}, 

k(b}} =~ i(J<d}, k(e>} > D 

reduces in 3 * 2 different ways depending on our choice of 

D. 

4.6.2 NCRUE Buie of Inference (Strong Fonn) to include 
resolution on sub-wff s 

Let a wff contain sub-wff s f — '^in' such 

that is an NCRUE unifier of is 

a conjunction of equalities to be satisfied as specified by 
the topmost viable disagreement set of <F . , ,F . le . - 

i ^ £ »>', Under the condition that is 
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> t 

true, 


Let another wff contain s'ub-wffs F 

such that is an NCRUE unifier of 

Oj is a conjunction of equalities to be satisfied as speci- 
fied by the topmost viable disagreement set of 


fF ,^,..,,F . }9 . = iF 
jl jm 3 jl 


^'"'^jl^' i <: i £ a- If 


is 


true, then fF 




Let e 

conjunction 

the topmost 

f\}. If D 
3 

If F 
tively in 
and £/j 


be an NCRUE unifier of D be a 

of equalities to be satisfied as specified by 

> 

viable disagreement set of F .19 = 

t * 

is true, then ^ ^ ~ 

9 

occurs positively in 9J = and nega- 

U.<9j* 9) - U jf then the NCRUE resolvent of 
is 


(D. & D. ti D) 
i J 


(U . {FALSE/FJ 
1 


V a .ITRUE/Fi) 
J 


9 } 

If F is negative in and positive in U ^ then 

we have the following dual NCRUE resolvent '• 


(D . & 

1 


O. & 9} — > (U ETRUE/FI V U .iFALSE/Fl) . 
J I J 


We may use the rule for sysranetry, defined in section 
4.2.6, with NCRUE applied to equality literals. 
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4,6.3 NCNRF Rule of Inference (S-brong Form) to include 
resolution on sub-wffs 


Let a wff contain sub-wffs such that 

each Fj contains only positive equality literals and 
is an NCRUE unifier of and is a conjunc- 

tion of equalities to be satisfied as specified by the top- 
most viable disagreement set of FF^^ . = 

t * * * 

iF . ,F ^}; 1 < k < T», If is true, then ^F^, 

= €F}. 


If F contains equalities of the form = t and 

occurs negatively in NCRUE unifier of 

tjgJ and all compatible to form a compo- 

site substitution P# and D is a conjunction of equali- 
ties to be satisfied as specified by the union of the top- 
most viable disagreement sets of *jl®' *j2^^ ^ ^ •’ 

then the Non-CJausal Hegatiwe ReFIective Function (NCNRF) 
resoJi^ent of is 


(D . & DJ — > 


a .(e 

j i 


B}{TRUE/FeJ, 


For instance, reconsider the example presented in sec- 
tion 4.2.8 and its refutation in strong form. In the resol- 
vent 


u. 


. —> 




'^CfCa, b) - rCa, y.; & f(b, c) 


f(y, cJJ 
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we can apply NCNRF rule foi* wffs, as the wff contains only 
negative equalities. With the substitution ib/yJ we get 


~ ^HCHRF ^5’ 


Now, we shall see that this generalization of NCRUE 
resolution preserves completeness. 

4.6.4 Completeness of NCRUE resolution on sub-wffs 

The alternate proof for the completeness of NCRUE reso- 
lution, given in Appendix I, also serves as a proof for the 
completeness of NCRUE resolution on sub-wffs. 

The following Lemma 4.6 together with the completeness 
of NCRUE resolution, also proves that the NCRUE resolution 
on sub-wffs is complete. 

Lemma 4.6 

In a refutation of an E-unsatisf iable set ii of wffs, 
if two wffs and ^ containing respectively the 

complementary sub-wffs and F^ participate in 

successive resolutions, each time resolving upon a 
literal in these sub-wffs, to eliminate F Fy then 
this sequence of resolutions can be subsumed into a 
single resolution on sub-wffs F, and F ,, 

Proof: 


Let us assume that the sub-wffs 

tively contain atoms ,L. , 

il ' in'^ 


F^ and F^ respec- 
and and 
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generating the resolvent 


Rs U .BiFALSE/F ,97 V U .BiTRVE /F .B7 

X X j J 


when F^ is positive in and F. is negative in 


In the former resolution, the final resolvent R^ con- 


tains many repetitions like V 


essentially 


so many times as the wff has participated in resolu- 


tion, where = U^B 


Similarly, it contains 


repetitions of sub-wffs like ^ ^ many times 

as the wff iJj has participated in resolution , where if j j, = 

V - 

All such repeated instances of sub-wffs would essen- 
tially be identical and hence can be merged to make R^^ 
equivalent to R. Thus, a resolution sequence for elim- 
inating literals in two complementary sub-wffs, one literal 
at a time, can be subsumed into a single resolution on the 
sub-wffs. Hence, the lemma. □ 


Thus, NCRUE resolution on sub-wffs is also a sound and 
complete proof procedure. 



Chapter 5 


MANY-SORTED AND EQOALITY-BASED NON-CLADSAL 

RESOLUTION 


We have 

seen the 

advantages 

of 

Many-sorted 

NC- 

resolution 

in 

Chapter 

3 , and those 

of 

Equality-Based 

NC- 

resolution 

in 

Chapter 4. 

By extending 

NCRUE resolution 

to 


include sorting, we can take advantage of MNC-resolution as 
well as NCRUE resolution. 

In this chapter, we describe how sort information can 
be strengthened by exploiting unit equalities present in 
the set and how Many-sorted NCRUE resolution ( MNCRUE reso- 
lution ) is performed on MS sentences. We also show that the 
soundness and completeness properties of MNC-resolution and 
NCRUE resolution are preserved in MNCRUE resolution. 

6 , 1 Introduction 

Schmidt [Sch 85] has given a rule based mechanism for 
converting an unsorted set of clauses into its many-sorted 
version. Jaya Raghavendra [Jay 87] has given a set of just 3 
rules by which an unsorted set of wffs can be converted into 
its many-sorted version. We have added an additional rule 
(Chapter 3) to it without affecting the completeness. But 
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this set of rules does not take advantage of the unit equal- 
ities present in the set of wffs. 

We make use of the Rules f<3^ of [Sch 853 > appropi’i- 
ately modified to conform to the sort theory of chapter 3, 
to strengthen the sortedness in view of extending many- 
sorted theory to NCRUE resolution; and at the same time, 
preserving the motivation behind Jaya Raghavendra’ s work to 
have a few simple rules by which we can get most of the sort 
information . 

5.2 Sorting Rules for Equality 

After we get the many-sorted version of a set of wffs 
i/ by the algorithm as described in Chapter 3, we repeatedly 
apply the following rules until there are no changes in the 
sort information, in two successive applications. 

Rule 

If there is a positive unit equality, c = t, 'where c 
is a constant or a function symbol of sort and t 

is a term of sort S.^, then the sort of c is 

changed into S Q , S . 

O X/ 

Rule ^^2' 

If there is a positive unit equality, x * tf where r 
is a variable of sort and t is a term of sort 

S f then a sort axiom S C s. is added. 

^ X "0 

We use the symmetry property of equality, if necessary, 
while applying these rules. 
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5.3 Maoy-sor'bed NCRDE resolu'tlon 

The nariy—sorted non— clausal resolution by unification 
and equality (MHCRUE resolution! is "the NCRUE resolut-ion 
(Chapter 4) with MS unification . The substitutions made 
in NCRUE resolution should be sort compatible as defined in 
Chapter 3. 

The notion of disagreement sets is the same as in the 
case of NCRUE resolution. All the concepts of the strong 
form of NCRUE resolution, such as topmost viable disagree- 
ment set, NCRUE unification, and equality restriction, 
extend to MNCRUE resolution as well, with the substitution 
or unification being an MS substitution or MS unifica- 
iion. We state here the rule for selecting the substitution 
in MNCRUE -MNCNRF deduction and the rules of inference 
directly in strong form for resolution on sub-wffs. 

6.3.1 Rule for selecting the substitution in MHOIDE -MNCNRF 
deduction 

In resolving P^(sy ,s^! with P~(t^, ,t^} by 

MNCRUE or in reducing -“ tg by MNCNRF, choose as B 
the left-to-right MS mgpu-qualif ied by the MNCRUE-MNCNRF 
unification rules. We call this substitution MNCRUE Unifier 
of P"'^, P or *1* *2’ 

6.3.2 MNCRUE Rule of Inference (Strong Form) to include 

i 

resolution on sub-wffs 

Let a wff U^ contain sub-wffs ^ii''"'^in^ 

B. is an MNCRUE unifier of £F. j and D. 

11 in X 


that 
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is a conjunction of equalities to be satisfied as specified 
by the topmost viable disagreement set of il' ” ' in^^i * 

/ f 

i <. k < n. Under the condition that is 

> > 

true, ~ ^^i^' 


Let another wff u ^ contain sub-wffs 




such that &. is an MNCROE unifier of <F . ,F . 2 and 

J j X j m 

is a conjunction of equalities to be satisfied as speci- 


by the 

topmost 

viable 

disagreement 

set 

..,F , }B . = 
jm J 



2 < m. If 

Z? . 
3 

then 


* €F ,J. 

J 




Let & be an MNCRUE unifier of and 0 be a i 

conjunction of equalities to be satisfied as specified by | 

> I 

the topmost viable disagreement set of F^J& = 

• * » 

F.J. If D is true, then 'fF., F.> = <Fy. 

X ^ 

If F occurs positively in B} == and nega- 
tively in 0} = U then the tlHCRUE resolvent of 

and U ^ is 


<D . & D. & D) — > (U iFALSE/F} V U.ITRUE/Fl}. 
1 J X j 


If F is negative in and positive in if y 

we have the following dual MNCRUE resolvent: 


then 


CD^ & D. & DJ —> {U^€TRUE/F> V UAFALSE/Fl) 


We may use the rule for symmetry, defined in section 
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4.2.6, with MNCRUE applied to equality literals. 

5.3.3 MNCNRF Rule of Inference (Strong Form) to include 
resolution on sub-wffs 

Let a wff contain sub-wffs F . ,F such that 

each F ^ contains only positive equality literals and 

is an MNCRUE unifier of iF . ,F and is a con- 

junction of equalities to be satisfied as specified by the 
topmost viable disagreement set of {F . ,F ^ = 

ft t r 

<F , ,F 1 < k < n. If Is true, then — ^^k^ 

= -CFJ. 


If F contains equalities of the form and | 

occurs negatively in and is an MNCRUE unifier i 

of compatible to form a com- i 

posite substitution 9, and D is a conjunction of equali- 

1 

ties to be satisfied as specified by the union of the top- : 

1 

most viable disagreement sets of t ^^9, I I ; ! 

then the iiany— sorted Hon-ClausaJ Negative Reflective Func— ! 
tion (NHCNRF } resolvent of is 


f9^ & DJ — > U^(9.m 9}i7RUE/F9}. 


Since MNC-resolution is not complete without the Neak— ! 
ening rule, as we have seen in chapter 3, the MNCRUE reso- 

i 

lution will also not be complete without it. The definition j 

t 

of Weakening rule in respect to MNCRUE resolution is the 1 

i 

same as that for MNC-resolution. I 
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Let us consider a small example to understand how the 
sorting rules for equality affect the sort information and 
how the ffiany- sorted NCRUE rules of inference work. 

The following set of wffs is E-unsatisf iable . 

U^s R<b} 

U D<>i) — > L(af x) 

U^i R<y} — > (Q<z} — > '^L(y, z)) 

a .s Q(aJ — > D(a) 

4 

U^z Q(a} 

5 

U^z a = b 

6 

If we do not use the sorting rules for equality in con- 
verting the above set into a many-sorted set, then the MS 
version is 

Soxrb axioms: Q ^ D 

Sorts of texms: xzD^ yzR, zzQ, 

azQf bzR, 

MS sentences: 

M^z Lfa, x) 

H^z '^Lfy, z} 

M^z a = b. 

In order to resolve the wffs Wgy we have to unify 

the sequences of terms (a, x), (y , z) under sorting. The 
substitution fz/x> iss sort compatible where as ix/z2 is 
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not. The substitution €a/y3- is not sort compatible. But, 
the disagreement set fajy> is a viable disagreement set' 
under sorting, i.e. there is a positive equality in the set 
such that a MS unifies with one of the arguments and simi- ; 
larly for y also. Hence, we can apply MNCRDE resolution to' 
^1' ^2 generate the MNCRUE resolvent 

^ > R^s -^Ca - yJ fiz/x> 

\ 

Now, we can resolve with to generate FALSE 

thus refuting the given set. I 

I 

^3 ^2' ftb/y} 

I 

I 

If we make use of the sorting rules for equality in : 

converting the unsorted set into a many-sorted set, then the | 

! 

previously obtained MS set will get modified to the follow- | 
ing. I 

i 

Sort axioms: d 6 H C | 

Q a n Q D, 

Sorts of terms: xsD, zsQ, 

asQ n bfQ R, 

(£6 sentences: 

H^s L(a, X} 

-try, z) 

M^z a = b. 
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Now in a single resolution between M ^ and ^ 2 ^ 

refute the set because the substitution Iz/x, a/yJ is sort 

compatible, 

> R^s FALSE. 


Agatha's problem , originally given by Schubert and 
taken from [Pel 86] , is solved in Chapter 10 using MNCRUE 
resolution. 

5.4 Soundness and Completeness of MNCRUE resolution 

Just as the soundness and completeness proofs of HNC- 
resolution [Jay 87] make use of the properties of NC- 
resolution [Mur 82], we also show that MNCRUE resolution is 
sound and complete, based on the properties of NCRUE resolu- 
tion (Chapter 4). The MNCRUE resolution is assumed to be in 
the form, either open or strong, corresponding to that 
of NCRUE resolution, in the following proofs. 

If we don’t make use of the sorting rules for equality, 
as given in section 5.2, while converting an unsorted set of 
wffs into its many-sorted version, then the proofs would be 
just the same as those for MNC-resolution, with NC- 
resolution replaced by NCRUE resolution and MNC-resolution 
by MNCRUE resolution. That is so because the equality predi- 
cate is a iuo-place predicate (i.e., just like any other 
predicate) which does not change the sort information in any 


manner . 
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If we wish t-o make use of the sor^ting rules for equal- 
ity, which will strengthen the sortedness, then "the proofs 
would differ a little from those for MNC-resolution. We will 
first develop the background for proofs as in £Jay 87] and, 
then give soundness and completeness proofs in thab order. 

5.4.1 Overview 

Let V be an unsorted set of wffs, and H its many- 
sorted version, ii can be considered to be the union of two 
sets of wffs and where 

~ ^ is a wff in U, with at least one atom 

whose predicate is not a sort in « > 

•^b ” ^ ^bi ' ^bi ® with atoms all of whose 

predicates are sorts in W J 

Clearly, H * ^a2'"''^ where M is the MS 

version of ^ The translation of in MS goes as sort 

information and does not appear in the sorted formulae. In 
the following proofs, let HR denote a many-sorted infer- 
ence step, either an application of an MNCRUE rule of infer- 
ence or MNCNRF rule of inference, or Weakening rule; and UR 
denote an inference step in US, either an application of 
NCRUE rule of inference or NCNRF rule of inference. 

Let us assume that FALSE can be derived from H, by 
a linear sequence of MR, MR . ,HR^, where HR^ gives 
the resolvent FALSE, There is a sequence of one or more 
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UR corresponding to ©very UR. W© say that a linear* 
sequence of UR corresponds to an MNCRUE resolution, if 
every atom that participates in it, participates in a UR 
of the sequence , 

A single MNCRUE resolution may correspond to more than 
one UR, when the resolution is on sub-wffs. Similarly, a 
weakening rule application may also correspond to a sequence 
of one or more UR. 

s 

Let URy — ^ sequence of UR, 

corresponding to UR gives the resolvent /?_ 

X XL II 

corresponding to FALSE in UR. So UR^ should be a wff 

with only predicates which are sorts in MS. The soundness 

theorem proves that FALSE can be deduced from such a A- . 

n 

Thus it is proved that, all sets of wffs from which FALSE 
is deduced through MR, are indeed unsatisf iable ( or, 
FALSE can be deduced from them in US using UR ) . This 
proves the soundness of our method. 

Now consider the case where fALSE was deduced • from 
U, through a linear sequence of UR. This sequence of UR 
can be arranged as UR., — ,UR_,.. .,UR. where all UR., i 
< Tl , involve wffs from U^, and all UR^, i n, involve 
wffs from Leimna 5.6 proves that. FALSE cannot be 

deduced from the set of wffs U^ alone. Hence, at least one 

6 u^ should be involved in deriving FALSE from U. 
So there will be at least one MNCRUE resolution in the 
corresponding sequence of MR. Every UR^, i <_ n , has a 
corresponding linear sequence of MR. For such a sequence 
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of HR to go through in MS, all unifications in 

should be possible in MS. In MS, a substitution 
may be prevented because of sort incompatibility. The com- 
pleteness theorem proves that, if a sort incompatibility 
were to occur for even one such substitution in MS, then it 
wouldn’t have been possible to derive FALSE from 

Sijace FALSE was derived from R^, we conclude that no 

sort incompatibility arises. In other words, FALSE can 

also be deduced in MS. Thus the system is complete, 

5.4.2 Soxindness 

We prove a few results before taking up the problem of 
soundness. 

Lemma 5.1 

For any two sorts P and if P C 0 then one of • 

the following is true. 

(i) the wff P(x} — > 6<xJ foi* some- variable x, was 
either present in US or could have been deduced. 

(ii) the positive unit equality, x = t, for some variable 
X and some term t of sorts P and S respectively, 
was either present or could have been deduced. 

Proofs 

Case (.1): Refer to the proof of Lemma 1 in [Jay 87], 

Case (ii): If P C. a is a sort axiom, then x = t for 

some variable x and some term t was present in US; else 
P C Q was inferred from the sort axioms using the rules of 
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section 3,2. The first rule is equivalent to the addition of 
reflexive axiom x ~ x, and the second rule is an applica- 
tion of the transitivity axiom for equality. These two are 
the only rules applicable to the deduction of an equality 
from a given set of wffs. Hence if P C 0 was inferred 
from those rules, then x « t can be deduced in US. D- 

Leama 5.2 

If P is a sort in MS, then the wff P(c) where c 
is a constant or a function is either present or can be 
deduced . 

Proofs 

A unary predicate can become a sort in MS, iff there is 
at least one object of that sort, or its subsorts. In the 
former case, P(c> for some constant or function c, 
representing that object will be explicitly present in US. 
Otherwise, Q(c) exists where Q Q P. Then from Lemma 5.1 
Case (i), Q(x} — > P(x} for some variable x either 

exists or can be deduced, and a resolution gives P(c}, 
From Case (ii), an equality .v = t for some variable x of 
sort Q and some term t of sort P either exists or can 
be deduced. But, from the sorting rules for equality, it is 
ascertained that both P and Q are already valid sorts in 
MS, while introducing . the sort axiom Q C P. Hence, the 
deduction of such a wff P<c) must have been only in the 
way as Case ( i ) . □ 
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Lenma 5.3 

For a sort P and a constant or a function Cf 
Q P iff one of the fol levying is true. 

(t) the wff P(c} can be deduced in US. 

(ii) the wff PCc} or P(d} where d is. another constant 

or function, such that c = d is a positive equality 

in US, can be deduced in US. 

Pr oof 5 

Case (i): Refer to the proof of Lemma 3 in [Jay 87]. 

Case (ii): If p were a sort in MS added by the rules 

based on equality, then these rules ensure that a positive 
unit equality, c = d, is either present or could have been 
deduced through a transitivity chain among positive equali- 
.ties, and also ensure that P is already a sort of c or 
d. Hence, a P<c} or P(d} should be in US, or have been 
deduced, which can be explained by Lemma 5.2. □ 

Theorem 5.1 (Soundness Theorem) 

If w is the many-sorted translation of the set of 
wffs Uf then 

HR* UR* 

11 I FALSE > U I FALSE 

Proots 

Let us arrange the sequence of I'esolutions in MS and US 
as explained in section 5.4.1. Now it remains to be proved 
that FALSE can be derived from the resolvent 
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corresponding to the resolvent FALSE in MS. will be a 

wff with only s. forms from i/, that have participated in 
the earlier NCRUE resolutions. In MS, these s. forms would 
have been removed by the use of general rules 1, 2 and 4 

only, and the sorting rules for equality do not remove any i 
s. forms. R^ can’t be having the s. forms that get removed 
by rule 3. This is because in a rule 3 application, the . 
sub-wff F^& should occur positively in the wff, and a 
resolution on Fg reduces this to FALSE. 

^ I 

I 

So R^ is of the form ; 

nil k k j 

j 

where is an s.form, and is a term such that 

Ft.J c s.- i 

11 . I 

A point to note is that for some i, i’- l,k, Ct ,J may i 

1 I 

not be s. itself. This is because of earlier unifications i 

J- ^ ' I 

where was substituted in place of some variable 1 

as Ft.J Q Cx.J. In any case, ft.J S S.. j 

-LI XI [ 

1 

Now based on the terms . we divide R^ into sub- 

i 

wffs of the following three kinds as in the soundness proof 
given in [Jay 87] , and prove that each of them can be elim- 
inated from R, without bothering about the rest of /? - 
n n 

(a) Sub-wffs of the form where is a variable 

such that for no jf, j = irk, (j 4 i> t . = t ., 

i J 

(b) Sub-wffs of the form where is a constant 
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or a function. 

(c) Sub-wffs of the form where 

is a variable. 

All s. forms represent sorts and we ensure that, there is 
at least one element of every sort. From Lemma 5.2, S^(c^} 

where is a constant or a function is present in US or 

can be deduced. So sub-wffs of the kind (a) can be resolved 
with such 

The sub-wffs of the other two kinds should have come 
into due to earlier unifying substitutions. Let us now 

consider sub-wffs of the kind (b) . If is S, then 

S<c^J should be present in US. For some c^., fc^.J can be 
itself, because some sub-wffs of the kind (b) might have 
been removed in MS due to the application of rule 4. In any 
case, S So, from Lemma 5.3, or S^<d^) 

such that is an equality in US, can be deduced. 

In either case, can be eliminated from 

In sub-wffs of the kind (c)., the sort of the variable 
should be one of the Let ' rt i^ = -^im' From 

Lemma, 5. 2, where c is a constant or a function, 

is derivable. resolved with using 

the substitution -Cc/i^J^ Now for all jV C So 

every .iV», is a sub-wff of the kind (b) which can 

be eliminated. 

So FALSE can be deduced from R^^ or in other words, 
if we are able to derive FALSE in MS using HR, then we 
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can be sure that FALSE can be derived in US using UR. 
Hence, MR is a sound proof procedure. Q 

5.4.3 Completeness 

We first establish some lemmas needed for the complete- 
ness proof . 

Lemma 5.4 

If P is a sort in MS, then the wff P(x) where x 
is a variable, can neither exist nor be deduced in US. 

Proofs Refer to the proof of Lemma 4 in [Jay 87]. □ 

Lemma 5.5 

If P is a sort in MS, then the wff '^P(x} where x 
is a variable, can neither exist nor be deduced in US. 

Proofs Refer to the proof of Lemma 6 in [Jay 87], O 

Lemma 5.6 

The set of wffs is E-satisf iable . 

Proofs 

Since there are no equalities present in the set U^r 
the proof for the satisfiability of in Lemma 6 of [Jay 

87] would serve as a proof for its E-satisfiability as well. 

□ 

Theorem 5.2 (Completeness. Theorem) 

If M is the many-sorted translation .of the set of 
wffs u, then 
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U 



FALSE .> 


(1 



FALSE 


Proof s 


The set of wffs has been proved to be E- 

satlsfiable (Lemma 5.6). So at least one UR involving a 

is needed to deduce FALSE from U. Arrange this 

sequence of UR as UR . fUR^^ — where t 

involve wffs from u , and UR., i > n, involve wffs from. 

a 1' 

Every bas corresponding to it, a MNCRUE 

resolution, or a weakening rule application and a MNCRUE 

resolution, such that the resolved-upon sub-wff is the same 

\ 

as that in UR^. 

Let MR.^, , . . f51R.^f k > n, be the corresponding sequence 
of MR, where gives the resolvent FALSE. Now we 

prove that all unifications necessary for this sequence of 
Wg can be done. 

Let be a unifying substitution in a UR^, i £ 

n, which is prevented in MS due to sort incompatibility. 
Then ct .^3 ^ Ct ^3 . If there is a term such that t 

unifies with as well as then we apply the weaken- 
ing rule using the substitution and then perform a 

MNCRUE resolution using In case no such term t 

exists and has been used in UR^, £ £ then 

that UR^ cannot be in the sequence of UR that derives 
FALSE from U. This is because if such a were to be 

in the sequence of UR, then UR^ would result in the 
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resolvent having a sub-wff where £t ^ S^. 

Such a sub-wff cannot be resolved-upon as it has beer 
proved in Lemma 5.3 that for any sort S^(c^} or 

such that is a positive equality in US, 

can be derived in US, iff C Since FALSE was 

derived from R^r no sort incompatibility can occur in MS 
for all substitutions in UR . ,UR_^. Hence, FALSE can 

be deduced from W in MS. Thus ^R is complete. □ 

Thus the MNCRUE resolution is sound and complete. 



Chapter 6 


RESOLUTION FOR WELL-FORMED FORlfiJLAE 


The NC- resolution proposed by Murray [Mur 823 requires 
the wffs to be quantifier free. Although this addresses the 
disadvantages of Robinson’s clausal resolution [Rob 653 
which we have discussed in Chapter 2, both of these resolu- 
tion principles still have the following inherent disadvan- 
tages : 

(1) The intuition behind selecting appropriate quantifiers 
in expressing the problem is lost in the conversion. 

(2) The sentence becomes too complex when quantifiers are 
removed, in particular those with in the scope of 
(nested) equivalences. 

The second disadvantage may well be illustrated by the 
following example. 

Let a wff be 

C(¥x} O-y) A<x, y) < — > B<Zf u)l 

<r — > C(3hv} (¥m) C(v, ») < — > (V-s} (^t) D(s, tJfJ 


When converted into a standard norital fora as a step 
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towards making it quantifier free, this generates, out of 
the only 8 variables present, 8 universal and 16 existential 
variables adding to 24. In addition to this, it will then 
have the following grisly form. 

(¥^x) (3^y <3-z^} (¥u} <^x (¥y) <¥z) 

(¥v) (¥s) <it^) (¥m) (3s^) (¥t} 

(3y^J <iz^) C^x^} <3 -h^} <Jt^} <^v^} (3hs^) 

CC-C (A{x, y^} — > B(z^, u) J & (B<z, u^) — > A<x^, yJJ > 

— > £ (C(y, — > V(s, tj^)) & t) — > C(y^, »> } » 

& ({ (C(y^, M} — > T}(s^f tJJ 4 (D(Sf — > C(y, Pt^)) i 

— > £ <A(x^, y) — > B(z, u^>) & (BCz^f «-> — > A(x, y ^) > y)3 

In regard to these problems. Manna ^ Waldinger [MaW 823 
have dealt with a non-clausal deductive system applied to 

* f 

sentences that may have some of their quantifiers intact. 
In an attempt to overcome the above disadvantages and to 
preserve the syntactic form of a wff , such that the proofs 
become more readable and human oriented, we have developed a 
non-clausal deductive system for sentences containing all 
the quantifiers intact. That is to say precisely that we 
have developed a deduction system for wffs in FOL. 

6.1 Introduction 

The reader should refer to [Sko 203 , or [Sko 28] for a 
full treatment of what are called Skole* functions, and to 
CQui 61] for Quantification theory. In our methodology we 
dispense with Skolem functions which otherwise are 
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substituted for existential variables. Instead, we talk 
about dependencies of an existential variable, which will be 
defined shortly. 

We will first define the notion of a term in our system 
which emphasises upon the fact that a variable can be 
existential as well. 

6.1.1 Definition (Terms) 

Terms are defined recursively as follows: 

(i) A constant is a term. 

(ii) A universal variable is a term. 

(iii) An existential variable is a term whenever its depen- 
dencies (see section 6.1.3 for definition) are terms. 

(iv) If f is an n-place function symbol, and t 
are terms, then -f (t is a term. 

(v) All terms are generated by applying the above rules.' 

We are taking into account constants and , functions 
since we may have explicit occurrences of constants and 
functions that are different from Skplem constants and 
Skolem functions. 

The notions, such as an atom, a literal and a wff are 
the same as given in Chapter 2. The definition of polarity 
((Jhapter 2) for a wff also extends to the definition of 
polarity for quantifiers, and can be stated as below. 
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6.1.2 Definitiozi (Polarity of a Quantifier) 

*-4 

Let 0 be a quantifier, and Sg be wffs. 

(1) If Q is positive (negative) in then it is nega- 

tive (positive) in *^5^ and 

(2) If O is positive (negative) in then it is posi- 
tive (negative) in ar/«# > 

(3) If Q occurs in then it is both positive and 

negative in 

In making a wff quantifier free, a quantifier 
present in the wff, passes through a set of negations 
depending on which it will remain as Q or its complc-ment 
in the prefix of Skolem standard form of the wff. If it 
passes through an even number of negations, then it remains 
as a and otherwise it transforms into its complement. . The 
definition of polarity essentially captures the number of 
negations within whose scope a quantifier occurs. Hence, by 
taking the quantification of a term in a wff depending on 
the polarity of the quantifier, we get the same quantifica- 
tion as it would be in the Skolem standard form of the wff. 
Since resolution procedure does not change the polarity of 
any constituent of a wff in forming the resolvent, the quan- 
•tification of a term, determined in the beginning by the 
polarity of the quantifier, does not change during resolu- 
tion. 

The other notions of Chapter 2, such as Structural 



122 


equivalence and complemen'tari'ty also carry over "to our sys- 
tem. 

6.1.3 Definition (Dependent Existential Variable) • 

An existential variable in a wff is a dependent 
existential variable, if at least one universal quantifier 
precedes it. The dependency information (or dependencies! 
of such a dependent variable, analogous to the arguments of 
Skolero functions, is a list of all universally quantified 
variables preceding it. 

For example, in the wff (Vx! €P(x> — > O-y) Q(x, y>3, 
y is a dependent existential variable and its dependency 
information is (x) . 

♦ 

6.1.4 Definition (Independent Existential Variable) 

An existential variable in a wff is an independent 
existential variable, if it's not dependent. 

For example, in the wff (S-x) (Vy) <P(x} & Q<x, y>>, x . 
is an independent existential variable. 

We shall introduce the notion of a dual quantifier 
which is different from the already existing notion of quan- 
tification CQui 61]. 

6.1.5 Definition (Dual Quantifier) 

A quantifier ^ that is both positive and negative in 
a wff is a dual quantifier. In other words, a quantifier 
3 that occurs within the scope of an equivalence is a dual 


quantifier , 
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For example, in {KQx) P(x) < — > Rj where « is a 
quantifier, Q is dual. It can act as both universal and 
existential depending on the polarity chosen. The variable 
^ is said to be dually quantified. When Q is positive, 
it is Q, and when it is negative, it is the comple- 

ment of Q. 

This chapter describes an algorithm for obtaining 
dependency information of an existential variable in a wff. 
without paraphrasing the wff in any manner and with quantif- 
iers in place. This also introduces the concept of unifica- 
tion in the context of quantified variables, which we call 
Q-unifxcation, and describes how to perform WFF-resolution. 

• f 

The algorithm together with the WFF-resolution is proved to 
be sound and complete by showing that it is equivalent to 
quantifier free NC-resolution. 

6.2 Obtaining Dependencies 

We shall now describe the algorithm to obtain depen- 
dency information (dependencies). 

« 

Intuitively, to obtain the dependencies of an existen- 
tial instance of a variable in a wff, our algorithm scans 
the wff from left-to-right and prepares a list of univer- 
sally quantified variables occurring in it. For any existen- 
tial variable, the dependencies are the list of universal 
variables so far obtained. 

We assume that any variable in the given set of wffs is 
uniquely named, and that each wff is properly parenthesized. 
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The processing is recursive in nature; if the connective is 
binary , then each sub-wf f is processed separately aiid the 
dependencies are modified accordingly; if the connective is 
unary < i.e. ), then the only sub-wf f is processed by 
interchanging the notions of universal and existential quan- 
tifications. 

The algorithm in LISP notation is given below and a 
trace of the functioning of the algorithm for two wffs, one 
with equivalences and the other without, is also given for 
illustrative purposes. 



- 125 - 


isetq algofns ‘ {dependencies get-deps ree-props print-deps is-atf 
is-qtir is-uqtfr opr nodify-deps 
diistu dliste toggle aerge set-uninn first second)) 

(defun dependencies(f flag! flagZ) 

;;; function itpleaenting the ftlgorithi to obtain dependencies 
5 5 5 for 3 »ff 'f 

ni all the variables in f are assuued to be properly renaaed 
and f is properly parenthesized. 

)n flag!, if TRUE then f is positive else negative in the 
nff in nhich it occurs.* 

flag 2 , if TRUE then f is within the scope of equivalence 
else not, in the off in which it occurs. 

(condl (is-atf f) '(() ()}] 

if f is atuaic foraula without quantifiers, then there 
are no universal or existential variables in f. return 
;;; a list of two null lists, since the. list of universal 
;;; and existential variahles is null 

£(and lis-qttr (car fl) flag 2 ) 

if there is a dual quantifier in the prefix of f, then 
jj:; do the following. 

(let ((var (cadar f)) 

(dlists (dependencies (cdr f! flagl flag 2 ))) 

}j} obtain the dlists for (cdr fl, that is f with the 
jjj first quantifer reioved. 

(sodify-deps var (dliste dlists ! 1 
j;j todify the dependencies of all existential variables in 
55 j (cdr f) by including var. 

555 include the var in dlists as described below. 

(condl (is-uqtfr (car f) tl 

};*, if the var is universally quantified as it appears, then 

(list (cons var (diistu dlists ) 1 (dliste dlists))! 
jj} add this var to the universal variable list of dlists. 

It (list (diistu dlists) (cars var (dliste dlists)).)! 
55J else, add this var to the existential variable list of dlists. 
))1 

Kis-qtfr (car f)) 

}}j if there is a quantifier in the prefix of f, then 
555 do the following. 

(let ((var (cadar fl) 

(dlists (dependencies (cdr f) flagl flag 2 ))) 

‘,}i obtain the dlists for f with the first quastifier rewved. 

5J5 now, based on the type of quantif:!©'^ add this var to dlists 
555 of (cdr f) and/«y dwJify depe^ci«s.»^ Icdr fl* 
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tcondCUs-mjt^r (car f) llagl) 

55} if the nuaBtifier is universal taking polarity into accounti 
555 then w nee^ to eodify the dependencies of tcdr f). 

(•odify-deps var (dUste dlistsH 
(list (cons var (dlistu dlistsl) Idliste dlistsll 
555 add this var to the universal variable list of dlists. 

3 


Ct (list (dlistu dlistsl (cons var (dliste dlistsll) 
3 

555 else, ue iust add it to the existential variable list of dlists 
J>3 

C(ed ■' (opr fit 

555 if the lain connective of f is negation, then the notions 
555 of universal and existential variables interchange in f. 

(dependencies (cadr f) (toggle flagl) flag 2 il 
555 obtain the dependencies of f with ' reiovedf changing the 
555 notions of guantification. 

£(or (eq ‘tf (opr fJ) (eq 'I (opr fill 
555 if the sain connective of f is either di&iunction or 
5 5 5 coniunctimt, .then 

(let ((dll (d^endencies (first f) flagl flag 21 ) 

(dl 2 (dependencies (second f) flagl flag 2 ))) 

555 obtain the dependencies of each sub-wff in f separately. 

(let ((uiist (dlistu dlU) (elist (dliste dUll). 
(•odjfy-deps uiist elist) 

555 todify the dependencies of all existential variables in 
555 second sub-eff of t to include the universal variables of 
555 first suh-nff of f. 

(serge dll dl 2 ) 

;}} cotbine the dlists of sub-effs of f into one and return it. 

1)3 

ffeq (opr fl) 

555 if the aain connective is iiplication, then 

(let Udil (dependencies (first f) (toggle flagl) flag 2 )l 
5 55 obtain the dependencies of first sub-ttff of f changing 
555 the notions of quantification in it, because the first sub-eff 
5 55 is negative in f. 

(dl 2 (dependencies (second f) flagl flag 2 )ll 
551 obtain the dapendencies of second sub-nff., 

(let ((uiist (dlistu dllll (elist (dliste dl 2 ))J 
(Bodify-deps uiist elistl 

5 5 5 Bodify the dependencies of all existeBtial vanities in 
555 second aib-«ff of f to include the iwiversal vsriables of 
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(nerge dll (1121 

;;; cix^lne dli&ts of the two sub-Hffs into (me and return it. 

1)1 

C(eq '<-> (opr 1)1 

if the ikain connective is equivalence, then 

(let ((dll (dependencies (first f) flaql tl) 

* (dl2 (dependencies (second f) flaql til) 

;;; olitain dependencies of doth tite sub-tiffs. 

(aodify-deps (dlistu dill (dlistu dl2H 
sodify the dependencies of all universal variables in 
5 5 5 second sub-nff of f to include the universal variables of 
Sjj first sub-uff of f, because the sub-tiffs are within the 
;;; scope of equivalence. 

(eodify-deps (dliste dll) (dliste dl2)) 

Bodify the dependencies of all existential variables in 
;j} second sub-nff of f to include the existential variables cf 
first sub-wff of f, because of the sane reason. 

(let ((dl (terqe dll dUli) 

5 ’,} coBbine dlists of both the sub-wffs. 

(let ((1 (set-union (dlistu dl) (dliste dl)))) 
(list 1 D) 

555 since all the variables in f are dual, canbine the lists of 
|}} universal varirtles ahb existential variables, and nate tliis 
};5 both universal variable list and existential variable list 
}j} of new dlist for f. 

))] 

Keq (length f) 1) 

j ;5 if Bore than one pair of parentheses enclose f, rewve the 
}|5 the extra pair of parentheses and obtain the dependencies. 

(depnidencies (car f) flaql flaq2)3j 
Ct (print '(Error - Inappropriate input foriat)) (exit)! 

)) 


(defun i5-atf(fl 
))) 


checks whether f is a quantifier free atonic foraula. 


(condCfttull f) tl 
((atoB f) tl 
[(is-qtfr (car f)) 01 
{(eq (length f) 1) 01 
Knull (opr fl) tl 
It 03)1 
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iOEtar. is-qtfr'.q. 

iccntSKatOB q) (!l 

Cisq icar ql 'AJ tl 
C<eq (car ql ‘EJ t3 
it (iJJl 


idetan is-uqtfr(q sign) 

(condisign (eq (car q) 'A)] 
it (eq (car q) 


(defan ogrif) 

(cond[(ato« f) 0] 

Kand (eq (length fl 2) (eq (car f) '*•)) (car f)l 

Kand (eq (length f) 31 (eeaber (cadr (1 '(V b -> <->1)1 (cadr fU 

It (111) 


tdetun aodify-dspsivarl evarll 
(candCtnuU evarl) (11 
I (null varll 01 

it (let ((val (get (car evarll ‘depslll 

(patprop (car evarll (cnndtiatw varll (cons varl valll 
it (append varl vail 11 
'depsi 

(BOdify-dcps varl (cdr evarll 1)1}) 


(defun dli&tutdll 
(car dll) 

(defun diiateldll 
(cadr dll) 

(defun toggle(flag) 

(condCflag 01 
it til) 

(defttfl aergefdil dl2} 

(list (append (diistudlll (dlj5tudl2)) 

(append (dliste dill (dliste dl2)in 

(defun set -union (11 12! 

(condE(nuU 11) 121 
I (null 12) 111 

((aether (car 12) U) (set-union 11 (cdr 12) fl 
it (set -union (append 11 (list (car 12)1) (cdr 121)1)1 

(defwj fir5t(f) 

(car f)) 

(defun second (f) 

(caddr f)) 
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,3Et.in aigt 
load algol 
ulgo) 

6.dst;iB inputa 
Cload inputs] 

‘.inputs) 

J.seiq tVars i) 
nil 

3. (trace dependencies) 

(dependencies) 

9.pp it 
(setq II 

‘({((ft X) (((ft ii Pi {-> ((E 2 ) fi)» <-> ((ft u) R)) V ('• ((ft V) 8)))) 
t 

li.iget-ieps 111 

1 •;Eflter> dependencies (((((t hi <-> ((i R)) V t* th Siii t nil) 

12 (Enter) dependencies ((((ft x) tk <-> il) (-> ((ft u) R)) t nil) 

! I (Enter) dependencies (((A x) ((k P) (-> (k Q)l) t t) 

! (4 (Enter) dependencies ((((k P) <-) (k &))) t t> 

{ ! 5 (Enter) dependencies ((((ft y) P) <-> ((E i) fi)) t t) 

I ! (6 (Enter) dependencies (((ft yl fl t t) 

111? (Enter) dependencies ((P) t t) 

! i ! iS (Enter) dependencies (P t t) 

1 i 1 !8 (EXIT) dependencies (nil nil) 

1 ! I 7 (EXIT) dependencies (nil nil) 

1 ! li (EXIT) dependencies <(y) nil) 

! I Ik (Enter) dependencies (((E zl 8) t t) 

11(7 (Enter) dependencies ((8) t t) 
i i i (8 (Enter) dependencies (8 t t) 

1 ( ! IS (EXIT) dependencies (nil nil) 

(1(7 (EXIT) dependencies (nil nil) 

! ( (& (EXIT) dependencies (nil (z)l 
( I 5 (EXIT) dependencies ((y z) (y zD 
1 14 (EXIT) dependencies ((y z) (y zH 
! 3 (EXIT) dependencies ((x y z) (y z)) 

I 3 (Enter) dependencies (((ft u) R) t t) 

( (4 (Enter) d^endeitcies ((R) t t) 

( ( 5 (Enter) dependencies (fi t t) 

! ( 5 (EXIT) dependencies (nil nil) 

{ (4 (EXIT) dependencies (nil nil) 
i 3 (EXIT) dependencies ((u) nil) 

12 (EXIT) dependencies ((x y z u) (x y z u)) 

12 (Enter) dependencies ((* ((A v) S)) t nil) 

( 3 (Enter) dependencies (((ft v) S) nil nil) 
i 14 (Enter) dependencies ((SI nil nil) 

1 i 5 (Enter) dependencies (S nil nil) 

1 1 5 (EXIT) dependencies (nil nil) 

1 14 (EXIT) dependencies (nil nil) 

1 3 (EXIT) dependencies (nil (vl) 

12 (EXIT) dependencies (nil Mi 

1 (EXIT) dependencies (lx y 2 ul (x y z » vl) 

dependencies of x! nil ' 

dependencies of yi (x) 

dependencies of zs (x) 

dependencies of ui (x y 2 ) 
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11 . il 

isetq f2 

'((A t) KiE it) its X y) It t« ylU -> t(E :J t(l i) {, (EN x 21)1))) 
t 

12. (5et-dep5 fli 

1 sEnter) dependencies tt(A ») (fl( It) -> tit fc))) t nil) 
i2 'iEnter) dependencies Knit It) -) tli lill) t nil) 

: 3 ‘iEnter) dependencies iftlE y) ti It D) -> !(E i) & U)) t nil) 
i !4 <EntEr> dependencies t((E y) ((S x y) I t« y))| nil nill 
i ; 5 <Enter> dependencies (IttS x y) t IM y))) nil nil) 

I ! !6 \Enter> dependencies ttiS * y) t (« yli nil nil) 

i i { 7 <Enter> dependencies (tS x y) nil nil) 

i i 1 7 <£U1) dependencies (nil nil) 

{ { ! 7 'iEnter) dependencies <(H y) nil nill 

I I I 7 'iEltlT) dependencies (nil nil) 

! ; Id cE)(n> dependencies (nil nil) 

; i 5 CEIII) dependencies (nil nil) 

\ I4 lEHT) dependencies ((y) nil) 

! i4 <£nter) dependencies (((E z) ((1 z) it (EN x z)l) t nil) 
i ! 5 <iEnter> dependencies ((<(1 ii k (EH x z))l t nil) 

I I Id <£nter) dependencies <<(! z) & (EH x z)) t nill 

! { I 7 <Enter> dependencies <(I i) t nill 

! > ! 7 <E1(1T> dependencies (nil nil) 

' ! ( 7 <Enter> dependencies ((EM x z) t nil) 

i ' i 7 <EnT> dependencies (nil nil) 

I ! >6 <E](1T> dependencies (nil nil) 

I I 5 (EXIT) dependencies (nil nil) 
i !4 (EXIT) dependencies (nil (z)) 

! 3 (EXIT) dependencies ((y) (zll 
12 (EXIT) dependencies ((y) (z)) 

1 (EXIT) dependencies ((x yl (z)) 

dependencies oi z: (x y) 

nil 

13. exit 
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Given the wff 

U lV-x> C<3y} <S(x, y) & t^(y}) — > (3-z} (JCz> & EH(x, z))! 

as input, our algorithm generates the following dependen- 
cies . 

<iep(z) s (Xf y} • 

If we consider the Scune textual order of sub-wffs, then the 

Skolem standard form of is 

1 

<\fx> (¥y) (3z) C{S<x, y) « ftfyJ) — > Cl (z) & ENCx, zJ>J 
and the dependencies are 
depCz} s CXf y) 


which are same as those obtained by our algorithm. 

Since there are no equivalences and quantifiers within 
the scope of them in the input wff, we obtained the same 
dependencies as in Skolem standard form. Let us consider 
the following wff to illustrate how they would be different 
when there are equivalences in the wff. 

Given the wff 

Ci <Vx) C<¥yl A <— > <^z} BJ J <—> C J ic D 



as input to our algorithm, it gives out the dependencies of 
existential variables as below. 


dep<x) ; i'.i 

dep(‘/} : (x) 

dspfzJ i (x) 

dep(d} s (X/, y, z) 

depiv> 1 <Xf y, z, U.K 

Some of the dependencies of an existential instance of 
a dually quantified variable are being missed out by this 
algor itlun. For example, the Skolem standard form of the 
above wff is 

(¥x} (^^2^ (^■U2^ 

C£((P — > Q} & (Q — > Pi> — > 

& iR — > (<P — > > P)}}J 

in which the existential instance of the dual variable u 
is dependent on its universal instance. Not only this but 
also the dual variables 2 each has two different 

existential instances different 

dependencies as given below. 
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i (j depCz^J : fy, z, u, x) 

dep(u^) s Cy, i, X, uj 
dep(v> s Cy, 2 , Xj, u}. 

But. our algorithm ignores such dependencies and it can be 
justified as below. 

An observation on Murray’s work [Mur 82] of NC- 
resolution reveals the fact that in a refutation, we use 
only one part of the two implications that an equivalence 
gives rise to. Henceforth the two implications which make up 
an equivalence will be called iupl icants for stylistic 
reasons. From this we can assert that in a refutation we 
use only one instance, either universal or existential, of a 
dual variable. This can be illustrated by the following 
example. 

Let us consider two wffs 

u^i A(X} < — > fV=y> B(y) 

U^s <Vz) ( A(zi V C<z>) 

In resolving consider the 

polarity of A to be negative, which otherwise is 

dual. Accordingly, we take the polarity of the quantifier. 
Then the resolvent of ^2 

CTRUE ( — > (Vy) B(y^3 V ii-z}. t FALSE V C<x} 3 f { C3-X} / (Vz) } 
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which simplifies to 

fVy.) B<y} V (3-xJi C<x}. 

' I 

When we do such a resolution, the universal instance of ■ 

I 

X will not appear in the resolvent simply because we are | 

not generating the other implicant of the equivalence. So it J 

1 

is not necessary to consider those dependencies of an 
existential variable which get generated from the implicant 
of the equivalence that does not participate in resolution. 

We need not consider such dependencies, because & is 
commutative and we can assume that the implicant which par- 
ticipates in resolution always precedes the other implicant. 
That is the precise reason why the existential variable x, 
in the above example, is not made to depend on the universal 
instance of x in the implicant in which A occurs posi- 
tively. 

But, a dual variable can have more than one existential 
or universal instances, the number depending on the number 
of equivalences within whose scope it occurs. 

To illustrate this, let us consider a wff 
A(>cJ <--> b;i < — > c 

The variable x is dually if ied in This, when 
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transformed into a wff with all equivalences paraphrased in 
terms of implications, will be 

iC((ifx) A(x) — > B) & (B — > (¥x} A(xJ}J — > CJ 
& iC — > [((i^x) A(x} — > B) & (B — > A(x)}3} 

Thus, the single variable x has got 4 instances In 2 

universal and 2 existential. 

Since universal quantification distributes over we 

can merge the two universal instances into a single univer- 
sal variable. But we can not do so for the existential 
instances because existential quantification does not dis- 
tribute over 

Hence, in making a wff quantifier free, we rename the 

two existential instances appropriately, thus creating two 

different existential variables. In standard normal form, 

» 

would be 

(Vxi <^X^} <3-x^) ci <(A(x} — > B) & (B —> "> C I 

& { C — > (CA<X 2 ^ — ^ ^ ^ A(x})} 

In our methodology, since we do not paraphrase 
e,uivaienoes in terms of implications, the above fact is 
transparent to us. Hence, we treat both’ and to 

be one and the same »*- , However, as explained above, we 
will he choosing the polarity of C to be either, positive 
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€ using the existential instance of x in C — > rtn^x) A(x) 

< — > B3.I 

So, when <B — > C) in and (C — > B) in R^ 

are somehow eliminated, we will derive (3-xJ D(xJ and O-x) 
which can be resolved to give F^liLSf- But, our 
assertion is that such a derivation is not possible from a 
sAtisf table set. The following lemmas show the soundness of 
the method . 

Leimaa 6. 1 

If ff g are any two Skolem functions substituted for 
two existential instances of a dually quantified vari- 
able in a set of wffs U, and if U is satisfiable, 
then two wffs P<..,,f(s^, and 

. . . fg{t . . . ft^} f .. .} or "^Pl . . . ff (s . . . fS ^ , . . . ) 
and P< — fg<t . ,t^ f . . . ) can not be deduced by 

NC-resolution. 

Proofs 

We shall prove this by re<luctio ad. absurdue. Let us 
assume that we can derive Pi . . . ,f (s . . . fS^) , . . .1 and 
"^Pi. . . ,g<t from a satisfiable set of wffs U. 

Since the dually quantified variable has two ■ existen- 
tial instances for which the functions f, g are substi- 
tuted, it must be occurring withih the scope of at least two 
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equivalences. The two existential instances must occur in 
two different iinplicants of the equivalence. 

Let us, for example, consider such an equivalence to be 
of the form 

[(Qx) F. < — > F„J <—> F, 

12 3 

Where Q is some dual quantifier, and to be the vari- 
able that is substituted by f,g.. 

The above wff , when all the equivalences are para- 
phrased in terms of implications, will be a coniunction of 
the following two implicants. 

(1) ff ((Qx) F^ —> F^J & (F^ — > F^J } — > Fg J 

(2) C Fg — > < ((Ox) F^ —> F^J & CFg (Qx) F > J 

B’or all similar instances of x, the polarity of 
would be same. Let. us assume that f is the function symbol 
that is substituted for the existential instance of x in 
<1) and for x in (2). 

Since we can derive P( . . • pf (s ^ ^ , it must 

be only through a resolution of a wff u that contains 
the literal P( , . - fy $ • • •> f with the above wff on either F^ 
or some sub-wff of such that the universal variable 

y gets substituted by the n-place function symbol i . 
Ultimately, td be able to derive a unit wff 

from this resolvent, we should 

sub-wffs of and f 3 # (if s were 


eliminate some 
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universal syntactically then else f of (1) that 

ar€ pr6son’t in this resolvent. 

Similarly, the derivation of '^P< , ,g<t ,t ), ) 

1 m 

would involve a resolution of ,a wff u that contains the 
literal ’^P(z}, and Elimination of some sub-wffs of t/g 
and F^ ( if Q were universal syntactically then F^ 

else '^Fg ) of (2) that are present in this resolvent. 

So, the derivation of two unit wffs 
Pt . • . r'f f f...} would 

involve elimination of F^, “^F^ <or F and "^F^, F^ <or 
"^^2 ^ ' This shows the existence of two complementary sub- 
wffs, that are used to eliminate ^ 2 * 2 ^3' ^^3' 

which can be resolved upon. Then, the set U is unsatisfi- 
able, contradicting the hypothesis. 

Hence, such unit wffs 'P( . . , f-f(s and 

'^P< . * * ,g< t f f can not be derived from a satisfi- 

X tXi 

able set of wffs. 

Similarly, we can show that a derivation of 
"^P ( m • m fF ( S jr » m m f S i f r m } SUd P ( t ^ • f g ( t ^ j, M M r f "t ) f , M } fTOffl 

in 1 m 

a satisfiable set, is also not possible, p 

Analogous to the above lemma, which is valid for NC- 
resolution, we have the following lemma for our method. 

Lem&a 6.2 

If a wff in a set of wffs U contains a dually quanti- 
fied variable x that occurs within the scope of at 
least two equivalences^, and if is satisfiable, then 
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two wffs of the form <Jx) PfxJ and <3^xJ '“PfxJ can 
not be deduced by our method, 

0r> in other words, WFF-resolution together with our 
algoritlwi to obtain dependencies of an existential 
var'iable is sound. 

Proofs Analogous to the proof of Lemma 6.1. □ 

Thus, we are justified in treating all existential 
instances of a dually quantified variable to be same. But, 
in such a case, all the existential instances are . made to 
depend on the same universal variables, even though some are 
actually not dependent. 

Reconsidering one of the examples we have given to 
demonstrate our algorithm, for the wff 

UjS a (¥.v) C(¥y) A < — > <3-z) BJ i < — > <¥u} C J V D 

as input to our algorithm, it gives out 
dlisiss ((X y 2 u) (x y z o v)) , 

and sets the dependencies of existential variables as below. 

depixi s () 
dep(y) i (x) 

<iep(z) f (x> 

<iep<ii) i <Xf 

depCv) s (Xff V/ Zf ' 



141 


In one implicant of the sub-wff of containing 

equivalences, the existential instances of y and ^ are 
not dependent on x, but they are so in the other part. 
That is, in €l <Vx} C(¥y) a .< — > (JzJ SJ } — > (¥u} CJ, 3-y 
and 3z are not dependent on x, because x is also 
existential. However, it is guaranteed that no substitutions 
would be made for x in the dependency information of y 

^ when this implicant participates in resolution 
because there is no universal x in this implication for 
which some thing can be substituted. Hence, the dependency 
in such a case would essentially be dummy. 

With these justifications, we proceed to look at the 
definitions of substitution, unification etc. 

6,3 Substitution and Q-Onification 

All the definitions, such as substitution, instantia- 

I 

tion, standardisation (essentially renaming of variables), 
and composition of substitution, of [Rob 65] carry over to 
our methodology, with an understanding that a variable in 
those definitions means universally quantified variable. For 
the purpose of matching or unification, an existential vari~ 
able with dependencies treated and 

written as an n-place function symbol v ^(i ,t^} , To 
distinguish between a universal variable and an 

independent existential variable ^ the latter Is written 

BlS V^<^. 
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In order to unify two sub-wffs, we need to get the 
sequences of terms in those sub-wffs. We can obtain the 
sequence of terms in a sub-wff as described below. 

6.3.1 Definition (Sequence of Terns) 

The sequence of teres in a sub-wff f is obtained as 
below. 

(a) If f * P(t . ft where P is an n-place predicate 

symbol, then it is ((Ci<.t.}f,,,,(Q t }), where is 

"LX fl IX X 

the quantification of a term t j., taking polarity of 
into account. 

(b) If F “ then it is the sequence of terms in F^ 

with the notions of universal and existential quantifi- 
cations of terms interchanged. 


(C) If F 

* F^ i F^ for some 

binary 

connective 

b(b 


if there are quantifiers 

in F^ 

or 

we 

will 

explain this a little 

later) , 

then 

, it is 

the 


sequence of terms in F^ appended to the sequence of 
terms in F^f the. sequence of terms obtained taking 
polarity into account. 

(d) If F * <Qx} where Q is some quantifier, and x 

is some variable in F^ then it is the sequence of 
terms in F^ such that x is written as (Q^x) where 
is either or its complement, determined by the 
polarity. 
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As an example, the sequence of terms in 
iVx}CP(x) K ((V-y) Q(x,y} —> (j-z} iR(x, z> * (Vu) S(z, u?})J 

is ((¥x}, <3-y((¥xJ}), (3-z{(Vx})}, (¥u})^ which when 

transformed into a simple notation as described in the 
beginning of this section would be (x, y{xJf zfx)^ u) , 

It is not necessary to define sequence of terms for 
< — > Fg if there are quantifiers in F^ or Fg, If a 
quantifier is within the scope of < — we cannot resolve 
two sub-wffs, (F^ <—> Fg^ and '^<F^ <—> F^) directly. 
Since each quantifier is dual, we cannot determine the sub- 
stitutions. We wi^ll have to resolve only by parts (i.e. 
F^f Fg separately). 

To convince ourselves, let us consider the following 
example, with two wffs whose sub-wffs contain equivalences 
and are complementary. 

(¥x^J C {<¥y^) (^z^J A(x^, y z <—> 

B<x^, itj, v^JJ V CfXj, J 

u'^g <¥x^} f i(¥y^) <^z^} A<x^, y z^) <--> 

(^u^i (^v^J B(x^f ^ D(x^ji t>i^) J 

If we can resolve on the sub-wffs which are complemen- 
tary, we should get a single c and a single D with some 
substitutions in the resolvent. Similarly, we should get a 
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single C and a single £?, perhaps after factoring, even 
when we follow a resolution sequence eliminating one literal 
in each step. Let us now follow a resolution sequence elini" 
inating a .single literal each time, and see whether we would 
be able to derive a single c and a single £> in- the final 
resolvent. We shall make these wffs quantifier free, and 
follow NC-resolution. 

The quantifier free version of the above wffs is 




ICAlx., z 


1 

* CB<x 


yi 

u 


r ' 11 

V 




ul'^l 

12 ' ' 12 ^ ^^^1 ^ 

^ ^11* ^12' ^12* *'l2^^ 


12 ' '^zl 


<^1. y 


yl'"!' 

}JJ} 




12 


fSfx^, ^21^' '*^y2^^2' ^21^^ ^ A(x^, ^21^^^ 

The resolution sequence is 

^ > R^s Res0lvivg on in U. and A in ^ith 

B ■. ^ 11 ’ 

ecAfXj, —> »<■*,/ 

& *^B(x ^ 12 ^ ^ 12 ^^ 

V C<>:^, “ji' ‘'•'2“ 

V {€A<Xj, yjj, ^22^^ 
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•^12^ ^' 22 ^ 


R^s Merge -B*s Nith ©- 
* - 

^ ^ ^2“ t*n B in B and in U^ »ith 

11 

G s ^11^^'^12^ gives 

2‘ 

V -ir 


V G(x^f w„; 


’’ \t'~i 


'■®^*l' ^lt>' ^11>^ -> 


^**1' ^i2' 

V CfXj, f„t<>:,, yj^, zj^>, z^^») 

^jf ^2 ^ 3 * R^ssolving on B in and B in i/^ wit 

e s fxj/x^, <^u2''*2' ^2l’‘'“t2' ’'y2^V ^2J^'’'l2^ 

^11' ^y2^’'t’' ^u2‘^*J' ^21^' ’'x2‘^'^J' ^21^’^ 

V D(Xjf 

V CiACXj^, '^z2^^1* ^21^ '^22^^ 

—> B<x^, -^u2^^1' ^21^' ^21^^^ 

— — ^ B(Xjf ^2^^ 


mmm -f* 

R- •*■ /?_ > /? -j Resolving on A in R^ and A in /?_ wit/i 

j? 3 4 -t* ^ j 

s * "y/*lJ/y22' ''z2f^I' '21- >'22^^'ll' 

CfXj, '^z2'^i' '21' Vl^'l^^' ^y2^^l’' ^ttl'^I' 

•f (Xjf ^ .(x.yylm "f "f n( X ^ ^ ’f .fix^}}}} 


V D(x^f 


V C(x. 


21' 


^vl^fx” 

^21 

1^ 

^x2‘^*I' ' 21 ' 

'^12' 

^ul 

21* 

, fyjfXjJJl, 


^21 

'X' 

'll' 


^V2 


(x ^ f 


V G(X^, tk^} V B<Xjf 
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In we can merge all D‘s into a single- D, but 

we cannot do so for C's- Hence, we can not resolve on two 
sub-wffs containing <—> if quantifiers are present within 
the scope of < — >- 

So from the polarity of the wff being resolved we can 
determine the sequence of terms because each quantifier will 
then have a single polarity. For example, in a wff A 

< — > BJ, if we decide to take the polarity of A to 

be negative, then x is. only existentially quantified. 

Two sub-wffs are unzfiable, if the sequence of terms 
in one, and the sequence of terms in the S-equivalent form 
of the other are unifiable. Since the terms to be unified 
contain quantifiers, we call our unification Q-unification. 

However, the basic unification algorithm of [Rob 65] 
extends to our methodology . 

> > 

For example, consider the above wffs and ^^2' 

9 

The sequences of terms in positive A(x^, y in 
and negative A<x 2 f y 2 * ^ 2 ^ ^2 ^respectively are 

y^^^> and 

If written in the simple notation that we have described 

earlier, they are fx^, y z/x^, y^3) and ^x^, 

z^). Unification algorithjn results in the mgu ix^/x^f 

ygl-x^^/y^, z^rx.i, 

For unifying two existential variables, we check for 
their origin and if it is the same, then only we proceed to 
unify their dependencies, just as in the case of unifying 
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two Skoiem functions. Since the existential variables do not 
change in syntactic form during resolution, by same origin 
ot existsTit i&l var tables mean their syntactic 

equivalence^ For instance, the terms z) and x<u<lj 

vJ unify with iuO/y, vizi, where as the terms z) 

and iniuOf v) do not because Xf « are not syntactically 
same. 

6,4 WFF- resolution 

This is basically NC- resolution, but with quantifiers 
in place. We define a WFF-resolvent as follows. 

6,4.1 Definition (WFF-resolvent) 

For any wffs Sg, F and <5, if F occurs posi- 
tively in Sjj and G occurs negatively in 

and 9 is the mgu of F and G under Q- 

unification, such that F© = (50 « H, then the result of 
simplifying 

S^BiFALSE/Hl V S^BiTRUE/H} 

is the MFF'^resolvent of and 

The simplification may involve dropping, adding or 
merging quantifiers. For example, let us consider the wffs 

(^x) (A(x) ■—> BCxll . . 

U^, (iyU) 
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in which "the atom with A is complementary. We can resolve 
these two wffs on A with the mgu iyo/x} and the respl- 
vent is 

(3-yOJ €B(yJ V '^C(y)l. 

Thus, we drop the quantifiers (¥x), <3-y<)) respectively 

from Uy f/g ®n<l add a quantifier (3-y()) as prefix to the 
resolvent because the existential variable y substitutes 
for the universal variable x. 

When we instantiate a universal variable (i.e. sub- 
stitute an existential variable for a universal variable), 
we drop the universal quantification of that variable and 
add existential quantification of the variable being substi- 
tuted in the resolvent. Such , dropping and addition respec- 
tively of universal and existential quantifiers can be 
viewed analogous to the Uviversal Instantiation and 
Existenti&l GenerBlization in Quantification Theory [Qui 
613; of course, not exactly the same, for the method of log- 
ical deduction set forth in [Qui 61] is natural deduction, a 
derivative of Gentsen [Gen 34] and Jaskowski^s [Jas 34]. 

As for renaaing variables in a resolvent, we do so 
only for universally quantified variables, but not for any 
existentially quantified variable^ Essentially, an existen- 
. tial variable retains , , its syhtaqt>ic form obta^^^^ 

origin wff of the variable through out the refutation. 
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Let us now look at the application of WFF-resolution 
considering a simple example from [Qui 613. The English ver- 
sion of the problem is 

Prenises : 

The guard searched all who entered the premises except 
those who were accompanied by members of the firm, 

Some of Fioreochio’s men entered the premises unaccom- 
panied by anyone else, 

The guard searched none of the Fiorecchio’s men; 
Conclusion: 

Some of Fiorecchio’s men were members of the firm. 

We define the following predicates, in order to 
represent the above problem in First-Order Logic. 

P<x} s X is a parson that entered the premises, 

S(x) s X was searched by the guard, 

H<x, y)i X ttas accompanied by y, 

M(y) 3 y Mas a member of the firm, 
fH(x} s X was one of Fiorecchio's men. 

The first-order logic translation of the above problem is 

(1) C¥X} £:<P(x) « ‘^6(X)JI —> <^y) (H(x, y) & n<y)}l 

(2) {§xi CFn<x) & P(x} & <¥y} <H(x, y) — > FH(y})3 

(3) (¥x) (FH(xy — > '^Q(x}) 
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Coacluslon: 

( 4 } ( 3 -xJ fFHfx) & M(x)> 

Renaming the variables properly and adding functional depen- 
dencies of existential variables, the set with negated con- 
clusion is 


(¥x^> C<P(x^) & '“G(X^1} — > (3-y^(x^)) (H(x^, y * 4(y 
ii^s 

CFn(x^> & P<X 2 > * <^^ 2 ^ <P<x^, yy “ > FH<y 2>>3 
ii^s (¥x^) CFH<x^} —> 

U^t (FH(x^} & M<x^})J 


The resolution seq,uence that leads to FALSE is 

U 3 Pff Resolving on P in end P in iiiLh 

i ^ 1 

flf gives 

(3Xry<>> C’^G(x^} —> (3y^(X2^> Y * H(y^J)3 

fi ^ y > R s Resolving on G*" in end G in with 

i 3 2 

Qi gives 

(^X2<f> < E(3y^(X2>> ^ 1^ * ^ '-FH<X2>> 

f> ^ U > R. Resolving on Fif in R^ and FH^ in U. 

O 2 3 ■ ■ 


Hi th 


0s {} gives 





151 


^3 ^ ^4 ^ ^ 4 * Rttsolving on M in R and H in i/ tuith 

3 4 

giyes 

<’^x^(JJ £‘^FH(x„)J 

j£ 

^4 ^2 ^ ^5* RBsolvijig on FfT in R^ and FM'^ in U^ 

Mi ih 

9} €} gives 
FALSE, 

Thus, if FALSE is reached as a resolvent, then the 
set of wffs u is unsatisfiable. 

Some more ex^nples are given in Chapter 10. We shall 
deal with the soundness and completeness of WFF-resolution 
in the next section, , 

6.5 Soundness and Completeness of WFF-resolution 

We shall prove these properties of WFF-resolution by 
showing that it is equivalent to quantifier free NC- 
resolution, which has been proved to be sound and complete 
CMur 823. 

For these proofs, we shall induce on the total number 
of equivalences in the set of wffs u taking the base step 
to be when there are no equivalences. In regard to this base 
step, wo will prove a few results before going to the main 
proof . 

Lemma 6.3 

If U is a set of wffs without equivalences, and OF 
is its quantifier free version, then for every wff 
from a tftere'exi'W'iSMSWSiSBt'tttl'-' aF. In of 
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following dependencies for u. 

<iep<x)s <} 
depCyis (x) 
dep(z}s (x y} 


where as the quantifier free form of a would have dif- 
ferent functional dependencies substituted for existential 
variables as given below. 

€CA(a) — > B(y>J « €S(f(x, y)) r~> A<x)3> W C(g(x, y}} 

Thus, the existential instance of the variable y sub- 
stituted by f(x, yJ has functions*! dependencies that are 
different from those obtained by our algorithm. However, we 
will prove in Theorem 6.2 that WFF- resolution is equivalent 
to HC-resolution. 

LcHBtta 6.4 

If two wffs Uy d/g can be resolved to give by 

WFF-resolution and two quantifier free wffs QF QF ^ 
can also be resolved to give QFft^ji and * QF (/2 
f QF^, then the resolvents, if the resolutions are 
performed on similar sub-wffs, satisfy “ QFfi^t 

(The wffs are assumed to be free of equivalences). 

Proofs 

To show that Rj ,5 it .suffices to, show that the 

corresponding , .unif'icnti^®§:,„,,s equivalent 
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subs'tl'tu'tions . If the substitutions are same for every two 
terms then the composite substitution or the mgu 

must be same in both resolutions. 

In unifying t we have four different possibili- 

ties. We denote WFF-resolution by WR and quantifier free 
resolution by QFR, 

Case (i): When both t tg are variables in SFR and 
are universally quantified in HR, both unifications result 
in trivially equivalent substitutions or 

Case (ii): When is a constant or a function and 

is a variable in SFR, and is either existentially 

quantified or a constant or a function and is univer- 

sally quantified in ^R* then also both the unifications 
result in the same substitution 

Case (iii): When is a variable and tg is a constant 

or a function in QFR, and is universally quantified 

and, tn is either existentially quantified or a constant or 
a function in MR, then it is a dual case of Case (ii). 

Case (iv): When both t tg are constants or functioi^s 
in QFR, and are either existentially quantified or con- 
stants or functions in 

If they are constants, then the normal unification will 
be successful only syntactically same. If they 

are functions, in addition to the syntactic equivalence, the 
sub-terms of the functions should unify. So. essentially we 
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are checking for the origin of these constants or func- 
tions in the set of wffs. Similarly, we check for the syn- 
tactic equivalence of existential variables in <Sf- 

unification and unify the sub-terms if the existential 
variables are dependent. 

Thus, if the terms are constants, then the substitu- 
tions in both cases are empty. If terms are functions and 
dependent variables, then the substitutions in both cases 
are those that result from unifying the sub-terms. The 
equivalence of such substitutions can again be explained in 
the same lines as this proof. 

Thus, in all possible cases of unification, the substi- 
tutions are shown to be equiiralent, and hence the lemma. 

□ 

To illustrate how the above lemma is true^ we recon- 
sider the example that we have given in .Chapter 2, but with 
quantifiers in place. 

The unsatisf iable set of wffs, with functional depen- 
dencies substituted, is 

S^s <3-x^<}) CP(x^} « e<x^) & (Vy^) (S<X^, y “> 

Sy. (¥x^J CP<x^) — > '^V<x^)l 

& C(x^) 3 
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W«s shall follow the same resolution se<iuence as given 
for its quantifier free version in Chapter 2. 

The wffs Sg, 5 ^ can he resolved on positive ^^^2^ 
in Sj and negative ^<'*■3^ in. with the substitution 

which is equivalent to the substitution 
done in NC-resolution (Chapter 2) to give an 
equivalent resolvent 

€ some independent individual constant is not Oi VIP } 

Thus, with a notion that the existential variabl-e Xg and 
Skolem constant a are equivalent and the existential vari- 
able y and Skolem function f are also equivalent, the 
following resolution steps are also equivalent to their 
quantifier free analogues. 

^ ^ 2 * 

CE(x^} — > (3^y^(x^}) (S(x^, y & C(y^)fl 

f If Xg has entered the country, then he is searched by 
the custom official y ^^^2^ ^ 
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^2 * ^2 

(^x^O) C(3 -y^(x^)} y^j 4 C(y^)>3 fl} 

{ established that the custom official searched x^} 

^2 ^ ^3 

(^x^(J) <3-y^<x^}J CP<x^} & E(x^J & P<y^}3 fi<3-y^(x^)}/<\Yy^}i 

i established that Y^fx^) is also a drug pusher 7 

^ —> R^, 

i3x^<}> <^y^(x^}} ’^C(y^) t{{Iy^(x^}}/(Vx^3} 

f established that y^(x^j is not a custom official > 

This contradicts the previously established assertion 

that is a custom official, thus refuting the given 

set. 

Y- R^ > R^S FALSE fi.7 

Based on these results, we shall now formally prove 
that WFF- resolution (RR) and quantifier free NC-resolution 
(QtFR} are equivalent when there are no equivalences in the 
given set of wffs on which these resolutions are performed. 

Theorem 6.1 

If u is an unsatisfiable set of wffs without 
equivalences and,. 4s it« quantifier free version, 
then FALSE can he de!i3u<^ed fric^ U by #/? iff false 
can be dedViOeA , , 
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Proofs 

To prove the theorem both ways, it suffices’ to show 
that the resolution sequences with equivalent wffs in W/? 
and QfR are equivalent. 


Let QFR 

• F » ,r ^F be the 

5equence 

of 

resolution 

steps in 

QFR and the resolvent 

in 

QFR^ 

be 

QR^. Let 

W/i 

be the resolution sequence 

in 

UR 

and the 

resolvent in 

be Ry 






By Lemma 6.3> we have, for every wff in H there is a 
corresponding and equivalent wff in QF and vice-vsrsa^ 

If any two wffs QF^, QF ^ are resolved in QFR^ then the 
equivalent resolution step in say must consist 

of wffs Hy such that ^ f and <3F ^ i u y and 

resolution must be on equivalent sub-wffs. Then, by Lemma 
6.4, the resolvents and satisfy f. 

Hence, the derivation of an equivalent wff must be equally 
long in both sind Honco, /r - n* 


We shall prove the equivalence of the two resolution 
sequences by inducing on the number of resolution steps. We 
show that every QF/?. can be transformed into a valid. 

equivalent RRy 


Base step-- First’ resolution steps OfKy, HKy 

If «ffe af., Sf , are resolved in aFR^, then these 
wffs Bust be from the , initial set aF. By Lemma 6.3. we oan 
choose two wffs from such that aF, s 6, and 

aF - (/ , for resolution step , Then, by Lemma 6.4, 

j - j 



159 


the resolvents QRy satisfy Thus, we have 

an equivalent resolution step in MR for the one in QFf^- 


Hypothesis: For resolution steps < m, we have, for every 
resolution step in QF/?, an equivalent step in MR- 


Inductive step: Consider the » resolution step *^FR^. 
We have 3 different cases here. 


Case (i): When both the wffs in from QF- 

As explained for base step^ we can find an equivalent 

MR^ for <3fF« . 
m n» 

Case (ii)- When one wff is from QF and the other from 
the set of resolvents iQR^,.,.fQR^_^3^- 

From Lemma 6.3, we can choose an equivalent wff 
for the one from QF- From the hypothesis, we can always 
choose a wff from the resolvent set of MR, 
such that it 'is equivalent to the one from 
By Lemma 6.4, the resolvent of these two wffs in MR is 
equivalent to QR^^- Hence, we have an equivalent for 


QFR - 

m 

Case (iii)-- Whan both the wffs are Iron the resolvent set 

of QFRf Cfi/? -f - * 


From the hypothesis, we can always find two wffs in 
{R ,...,R such that they are equivalent to the wffs in 

SFR^. Hence, by Lemma 6.4. we have a resolvent ». in 
UR, scoh that fi a« . ’ Thus. «e have an ««„ 


for QFR - 
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Bence, in all possible cases, we have shown bhab bhere 

exist>s a which is equivalent to QFR . 

m 

Now, by induction, for every resolution sequence in 
OFR, we have an equivalent sequence of resolutions in UR, 


Hence, FALSE can be deduced from if in UR iff 
FALSE can be deduced from QF in QFR. □ 

We shall now look at the proof to show that WFF- 
resolution is sound and complete, when equivalences are 
present. 

Theorem 6.2 

If iJ is an unsatisfiable set of wtis, and QF is its 

quantifier free version, then FALSE can be deduced by 
UR iff FALSE can be deduced by QFR. 

Pro0-fs 

To prove the theorem both ways, it suffices to show the 
equivalence of and QFR. 

We prove this by inducing on n, the total number of 
equivalences in the set of wffs u. 

If n - then we have by Theorem 6.1, that UR and 
QiFR are equivalent. 

Suppose that the Theorem is true for n < m. Consider, 
now, a set of wffs with, m. equivalences; ’L^t us assume that 
a wff contains an .etuivaieneei . If we show that there 

exists an equivalent (equivalence of functional dependencies 
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also) wff in QF for this then the proof for the 

equivalence of UR and QFR goes in the same lines as in 
the proof of Theorem 6.1. 

Now, we have 3 different cases here. 

Case (i): When there are no quantifiers within the scope 
of this equivalence, this equivalence does not affect the 
equivalence of UR and QfR- Hence, we are through. 

Case (ii)i When there is only one quantifier within the 
scope of equivalence, then also we are through, because we 
can always assume that the implicant containing the existen- 
tial instance of the variable, precedes the other one. 

‘Case (iii)J When there is .more than one quantifier within 
the scope of equivalence. 

Let a sub-wff containing this equivalence have the form 


For any existential variable that follows this sub-wff con- 
taining ewivalenoe, we have exactly k*l universal vari- 
ables, k from the first sub-wff of this eiuivalence and l 
from the second, coming cut of this sub-wff as dependency, 
because every variable is both universally quantified and 
existentially quantified. This would be the case In ar 
also. Hence, for any functional dependency of an existential 


variable 


that follows 


this equivalence, there is no differ- 


ence between and 
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This will have ■fche following two impltcan'ts : 


(1) (Q 

(2) (Q 


2i^l^ 




The functional dependencies, generated from one impli- 
cant, for an existential variable in the other part, are 
being ignored by our algorithm of section 6.3, which other- 
wise would have been taken into account in the set Of- 
But, as explained in section 6.2, we use only one implicant 
of any equivalence in a resolution. So, irrespective of what 
substitutions could have been made in the functional depen- 
dencies of an existential variable in one part, when the 
other part is reduced to FALSEf the whole sub-wff gets 
reduced to FALSE, making such existential variables disap- 
pear, Hence, such dependencies need not be considered. 

Hence, depending on the chosen polarity of a sub-wff in 
this equivalence, we will be using only one of the dual 
quantifications of a variable quantified as in a 

resolution step. We can always assume that the implicant 
that participates in resolution precedes the other part. 

The resolvent in MR when one implicant is eliminated 
completely, will be equivalent to the resolvent in QFR 
when the corresponding implicant is also eliminated com 

pletely. 

Thus, we have shown that there exists an equivalent wff 
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also that the desceiidants of both 
these wffs are also equivalent, though not after a single 
resolution step, but after some resolution steps in which 
the implicants participating in resolution have been erased 
completely . 

Thus, by induction, we have for every sub-wff contain- 
ing an equivalence in a wff of Hr there is an 

equivalent wff in QF containing equivalent sub-wff in 
terms of implications. 

Now, going along the same lines as in the proof of 

Theorem 6.1, we will have the equivalence of KR and QFR. 

By this and also by Lemma 6.2 which establishes soundness of 
we have, false can be deduced in HR from a set if 

iff FALSE can be deduced in • QFR from of, the quantif- 

ier free version of </- 

Thus, WFF-x'esolution has been proved to be sound and 


complete . Q 
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MAHy-SORTED RESOLUTION FOB WELL-FOIQIED FOBHULAE 


In this chapter we introduce many-sortedness into WFF- 
resolution. 

7.1 Introduction 

This chapter extends the methodology of converting 
unsorted set of wffs into its many-sorted version to include 
wffs with quantifiers in place. This chapter also describes 
how to perform WFF-resolution on the MS set. MS WFF- 
resolution is proved to be sound and complete. 


7.2 Hany-'-sortedness ' f or wffs 


All the definitions of Chapter 3 carry over to the 
present method with an understanding that if a term is a 
variable, it is universally quantified and if it is a con- 
stant or a function, it can be either an existentially quan- 
tified variable or a constant or a function. 


Given a set of wffs (need not be quantifier free) u - 
we interpret it as a conjunction of its 




4 F, 


members. So any wff in U of the form ^ i '* '2 

' ; ‘ fi ' ' 


can be 


replaced by the wffs 


^ 1 * ^ 2 * 


We apply the algorithm, 


d^scribad in section 6.^, to obtaiit dependencies of 
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existential variables in each wff ot u and then use the 
method, described in the next section to convert it into a 
many -sorted set. 

7 • 2 . 1 Onsorted to Many— 'sorted 

The definition of s.foim and other details can be 
looked up in section 3.3.1. 

All the terms are initially assumed to be of sort T#- 
and updated as the sorting process continues. All the rules 
given in Chapter 3 can be restated for wffs with quantifiers 
in place as below. In the following rules, £QxJ where s 
is some quantifier, represents an optional quantifier in 

the place indicated; it may be present somewhere in the wff 
having the sub-wff F within its .scope. 

Rale 1: 

Remove all wffs of the form <Vv} (U — > u ) where 

# J!t • 

U and U SLre s. forms of a variable v. if s 

M » “ 

and S are the sort-symbols got from, and u 
respectively, then S SS s is a sort axiom. 

Rule 2: 

If a wff ii has a sub-wff F, 

(a) which is positive in it, and 

,(b) has all occurrences of a universally quantified 
variable v, andi • ,, , 

(c) is of the^/oj^ , (F^ F^^ or (3-v} 

— > F„, where f. is the of ^9 

2 * ' 
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is some wff, 

then can be removed, and the sort of i' in is 

given by the sort corresponding to Fy 

Rule 3: 

If a wff ti has a sub-wff F, 

(a) which is positive in it, and 

(b) has all occurrences of a constant or a function 
symbol or an existentially quantified variable v, 
and 

(c) is of the form C^t'J <F ^ « F or <3-v) & 

F-, where F. is an s.form of v, and Fg is 

(U 

some wff or TRUE, 

then F^ can be removed, and the sort of in u is 
given by the sort corresponding to F^- 


Buie 4: 


If a wff U has a sub-wff F, 

(a) which is positive in it, and 

(b) has all ooourrenoes ol a constant or a function 
symbol or an anlstantlally quantified variable v. 


(o) is of the form 

-> F^, wherd -Pf * i® 

been found to -bd of the sort «o.t«BpOnite* to F^. 


and Fg is 
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then Fj^ oan be removed. 

Since we deal here with dual quantifiers and variables, 
as we do not paraphrase equivalences in terms of implica- 
tions, we present two additional rules, by which we can 
obtain sort information for dual variables. Addition of 
these rujes does not affect soundness and completeness, for 
they are only a composition of rules 2 and 3. 

Rule 5: 


If a wff u has a sub-wff F, 

(a) which has all occurrences of a variable and 

(b) is of the form '^Fj^ < — > Fg, where F^ is 

the s.form of y, and Fg is some wff, 

then F can be replaced by *^^ 2 ' sort of v 

in a is given by the sort corresponding to f^ 

Rule 6: 


If a wff a has a sub-wff F, 

(a) which has all occurrences of a variable v, and 

(b) is of the form F^ < — > F^r where F^ is 

the s.form of v, and Fg is some wff, 

then F can be replaced by F^, and the sort of v 
in y is given by the sort corresponding to F^^- 


The conditions, to be satisfied for a unary predicate to 


' \ u 


become a sort symbol are the same as given in Chapter 3. The 

into 


algorithm for converting an uhsofted set of wffs a 





168 - 


its manysorted version H, is ss described in section 
3.3.1. with the rule set having the above 6 rules . 

We simplify the wffs in the process of applying the 
above rules; the simplification may involve dropping quan- 
tifiers, such as in <^v) (F^ — > F 2 ^J when is removed 

and , Fg is free'of. v, 

7.3 Resolution and Unification 

The Hany-soried MFF— resolution <HUFF-re solution) is 

the VIFF-resolution of Chapter 6 with MS unification. 

7.3.1 Definition (MWFF-resolvent) 

If P is a sub-wff that occurs positively in the wff 
F^ and Q occurs negatively in Fg# and & is the MS mgu 
under Q-unification of F and then simplifying 

F^&iFALSE/Pei V F ^9{TRiiE/Q&} 

will give the MHFF-resolyent of and Fg. 

The MS mgu is the sort compatible mgu as defined in 
section 3.4. 

Since neny-eorted resolution i» not oomrlete tWal 823 
without the edditlonel rule, nemely the «e.*enxns rule, 
MWFF-resolution also requires such a rule., 

7,3.2 Weakening rule 

If is a wff with a universally waatified variable 

in it, and t is a term, SusAt ^at W S then 
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the wff with t substituted for Vr ( i.e. UB, e = 

It/vi ) is called the weakened variant of ii. 

We shall now consider the same example that we have 
given in Chapter 6 to illustrate the conversion 3 rules as 
well as the MWFF-resolution. 

The unsorted set of wffs, with functional dependencies 
obtained by our algorithm ( section 6.2) and substituted in 
wffs, is 

C(£(x^} * ’^V(x^}) --> (3^y^(Xji) (B<x^, y j,) & C<y^))3 
<3-x^<}> €P<x^> & E<x^) 4 <¥y^li <S<x^, y —> P<y^})3 
<^x^} €P<x^} —> '^V<X;^>3 
CPfx^) 4 C(x^)J 


(¥x^} 

i/«s 




^4* 


The many” sorted version of the above set would be 
Sort axioms: Hone. 

Sorts of terms: ¥xj^ g£, 3y^<x^}9B, 

3^x^<}t£f ¥y^ st, 

HS sentences: 

M^s <¥x^} C'^V<x^} —> <3yj^(x^}i S(x^, y^)3 
(3x^0) CP(x^} ^ 

H^s (¥x^} CPfx^f — > -^Vix^il 
H^s '^(3-x^} 
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The resolution sequence would be essentially analogous 
to its quantifier free version given in Chapter 3. 

Here, and Wg can be resolved as the substitution' 

f is soj-t compatible and 

m^kcs a'toms with S identical . 

^ > 

{^x^(}} (^y^(x^}} C'^C^V(x^>} V (P<x^} 4 P<y^})] 
!t<i‘X^<)>/(¥x^}, (^y ^(x^)}/(Vy^}} 

And further resolutions would be 

^4 * ^ ^ 2 * ’^('^V<x^>) ii(^y j^<x^>>/<^x^}i 

W 3 ^ ^2 ^ ^ 3 * <3-x^(}} '^P<x^} f€{3x^<))/<i^x^)J 

**2 * ^3 ^ ^4* 

Some more examples are given in Chapter 10. We shall 
now look at how the soundness and completeness properties of 
WFF- resolution are preserved in the case of lWFF-re?folution. 

7.4 Soundness and Ccsspleteness - of MWFF-resolution 

Based on the soundness and completeness results of 
WFF-resolution (Chapter 6), we will now prove that the 
MWFF- resolution together with the Weakening rule is also 
sound and complete. 

• j *1?. * ..<■/ ■' t“:, 

The soundness . ^d„.c<pRlietei^5 MNC-. 

resolution CJay. 8p ovej!^, |p^ the,,.tfro-re^l^^ with 
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the understanding that 

(i) a term is as defined in Chapter 6, and 

(ii) a variable is a universally quantified variable, and 

(iii) u is an unsorted set of wffs with quantifiers in 
place , and 

(iv) it is its many~sorted version, and 

(v) lift denotes an inference step in unsorted WFF- 
resolution, and 

(vi) HU denotes a many-sorted inference step; either 
MWFF-resolution or a weakening rule application. 

Hence, we will just state the results here. 

The unsorted set of wffs u, with quantifiers in 

place, is considered to be the union of two sets of wffs u 
and as in [Jay 87], where 

^a " ^ ^ai * ^ai ^ vi-th at least 

one atom whose predicate is not a sort in MS ^ 

» f ^bi ' ^bi atoms all 

of whose predicates are sorts in MS > 


7.4.1 Soundness 
hemi^ 7.1 

For any two sorts P and ^jr if ^ S then the 

wff <¥^x} (P(x) — > fot s<»tte variable x, was 

either present id OS or could have be^ de<iuced. 
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IrfiiRBia 7.2 

If P is a sort in MS, then the wff P(c} where c 
is a constant or a function, or the. wff <^x) P(xJ 

where x is a variable, is either present or can be 
deduced . 

heiBma 7.3 

For a sort P and a constant or a function c, the 
wff P(c}, or for a variable v, <3^x} P<x} can be 
deduced in US iff fcj c p or Cxi c p in MS. 

Theorem 7.1 (Soundness Theorem) 

If is the MS translation of the set of wffs U 
with quantifiers in place, then 

««* UR* 

' n i— - FALSE — > U I FALSE 

7.4.2 CkM®leteness 
herama 7.4 

If P is a sort in MS, then the wff P<x) where 

X is a variable, can neither exi.st nor be deduced in 

US. 

hemma 7.5 

If P is a sort in MS, then the wff iV^xi '*P(x} where 
X is a variable, can neither exist nor be deduced in 

US. 
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Lenma 7.6 

The set of wffs is satisflable. 

Theorem 7.2 (Completeness Theorem) 

If is the MS translation of the set of wffs ^ 
with quantifiers in place, then 

VR m 

U FALSE — > W 1 FALSE 

Thus, MWFF-resolution is also a sound and complete 
proof procedure . 



Chapter S 


l^OALITY -BASED RESOLUTION FOR NELL-FORMED FORMULAE 


The importance of equality in reasoning is well known 
[MaW 863 and [DiH 863. We have seen the disadvantages of 
explicit use of the equality axioms in resolution, in 
Chapter 4, while extending RUE resolution to the non-clausal 
case. We have also seen the need for retaining foirm and 
structure of wffs in resolution, in Chapter 6. Here we com- 
bine the two and discuss a refutation procedure for wffs 
with quantifiers in place and equality. 

8.1 Introduction 

All the definitions of Chapter 4 extend to the present 
case, with the notion of terms, substitution, unification 
etc., as in Chapter 6. So, all the terms which are constants 
or functions in Chapter 4 can now be either constants or 
functions or existential variables, and all variables are 
universal variables. The dependencies^ can be obtained by 
the algorithm in Chapter 6. , 

This chapter describes how to perfoina NCRUE resolution 
with quantifiers in place, and shows that the soundness and 
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8,3 Soundness and C<»apleteness of WROE resolution 

These properties of WRDE resolution can be established 
by showing its equivalence to NCRUE resolution similar to 
how these properties of WFF~re solution were proved based on 
those of NC~resolution, 

All proofs for WFF-resolution (Chapter 6) would serve 
as the required proofs for the soundness and completeness of 
WRUE resolution, with WFF- resolution replaced by WRUE reso- 
lution and NC-resolution by NCRUE resolution. Hence, we will 

% 

just state the results here. 

Since Lenana 6.3 is about the set of wffs U and its 
quantifier free version QF, it. remains same for the 
present case. Lemma 6.4 gets modified as stated below. 

Lemna 8.1 

If two wffs iiy Wg can be resolved to give by 

WRUE resolution and two quantifier free wffs QFj^, QF^ 
can also be resolved to give OFR^, and z ®F^, 
f ^^2*^ then the resolvents, if the resolutions are 
performed on similar sub-wffs using similar disagree- 
ment sets and similar unification rules, satisfy R^ = 
QFAj^, (The wffs are assumed to be free of 
equivalences ) . 

Proofs 

In addition to the arguments given in the proof for 
Lemma 6.4, we have the following. 
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Whenever one of the two 


ru.l45<5 of info.ro nee, 


say 


NCNRF, 


ie. applied in NCROE resolution, we assume that an analogous 
rule would be applied in WRITE resolution. 


When none of the two , 

unt. x,wo ^eims t., is a universal 

•t o 

variable and the unification fails, we add tlie e<iiiality t ^ 
“• <2 ® condition into the resolvent, in both V7RUE and 

NCRUE resolution.s. Thus, the resolvents would be equivalent 
in all cases. □ 


Theorem 8.1 


If if is an. E~unsatisf iable set of wffs without 
4 s, and is its quantifier free version, then 

FALSE can be deduced f.vom U by W.RUE re-solution iff 
FALSE can be deduced from QF by HCRUS resolution. 

Tltoorem 8.2 


If U is an E-unsatisf iable set of wffs, and of is 
its quantifier free ver.sion, tlien. FALSE can be 
deduced from u by WRUE re.solution iff false can be 
deduced from QF by NCROE resolution. 

The proofs for both the theorems are exactly along the 
lines of the corresponding theorems in Chapter 6 with the 
definitions changed as mentioned above. 

Thus, WRUE resolution is also a sound and complete 


proof procedure . 



Chapter 9 


UANY-SOBTEB AHD EQUALITY-BASED WFF-RESOLDTIOH 


There is a need for a single proof procedure that cap- 
tures all the three aspects that we have mentioned in the 
introductory chapter. We have developed, in the previous 
chapters, proof procedures that capture any two of the three 
aspects. Now, it remains for everything , to be integrated 
into a single proof procedure; We do that in this chapter. 


9.1 Introdtaction 

The general sorting rules have already been extended to 
the case of wffs with quantifiers in place, in Chapter 7. 
This chapter extends the sorting rules for equality to wffs 
with quantifiers in place. This chapter also describes how 
to perform many-sorted WRUE resolution on the MS set of 
wffs, and shows that such a proof procedure is sound and 

complete . 


9.2 Many-sortedness 

All the definitions of Chapter 7 carry over to the 
present case . 

Any set of wffs u (need, not be wantifier free) o»n 
be interpreted ss s oonj^qtion of Its .embers. Hence, eny 
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wff of the form can be replaced by the wffs f j, 

F 2 ’ We follow the following procedure to make a given set 

of wffs « ready for refutation. 

Step 1 : 

Apply the algorithm of section 6.2 to each wff in U 
to obtain dependencies of existential variables. 

Step 2: 

Apply the algorithm of section 3.3.1 with the general 
sorting rules of section 7.2,1 to convert u into its 
many-sorted version W- 

Step 3 • 

Apply the sorting rules for equality as described in 
section 9.2.1 until no more application is possible, to 
strengthen the sortedness of M. 

9,2.1 Sorting rules for Equality 

Following are the sorting rules for equality, of sec- 
tion 5.2, modified to be applicable to wffs with quantifiers 
in place , 

Rule 

If there is a positive unit equality, C^cJ CQtJ (c 

where 3 is some quantifier and c is a variable 
in which case it is existentially quantified, or a 
constant or a function symbol of sort, ai\d t is a 

term of sort then the sort c is changed into 



x\»a 


Rule £■^2' 

If -there is a positive unit equality, £QtJ (x - 
t), where Q is some quantifier and x is a univer- 
sally quantified variable of sort S and t is a 
term of sort then a sort axiom is 
added . 

We use the symmetry property of equality when necessary 
while applying these rules. 

The conditions to be satisfied by a unary predicate to 
become a sort symbol are the same as in Chapter 3, The sim- 
plification as explained in section 7,2,1 may be done while 
applying these rules. 

We shall now look at how to perform WKUE resolution qn 
the MS set thus obtained. 

9.3 Many- sorted WSSM resolution 

The Hany-soried HRiJE resolution <mRU£ resolution) is 
the WKUE resolution of Chapter 8 with MS unification. The 
substitutions made in WEUE resolu-tion should be sort compa- 
tible. 

All the definitions of Chapter 8 or those that have 
been extended to it also extend to the present case, with 
the substitution or unification being MS substitution or MS 
unification. Hence, we omit the definitions of the rules of 
inference here. One can refer to the definitions of Chapter 
5 for inference rules, with %ll' the ‘ no^ of WFF- 
resolution. See Chapter 10 for examples. 
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9.4 Soundness and Completeness of MWROE resolution 

The proofs go along the same lines as those for MNCRUE 
resolution {Chapter 5), with NCRUE resolution replaced by 
WRUE resolution and MNCRDE resolution by MWRUE resolution 
and the understanding that 

(i) a term is as defined in Chapter 6, and 

(ii) a variable is a universally quantified variable, and 

(iii) i/ is an unsorted set of wffs with quantifiers in 
place, and 

(iv) M is its many-sorted version, and 

(v) UR denotes an inference step in unsorted RRUE resolu- 
tion, and 

(vi) MR denotes a many-sorted inference step, either MWRUE 
resolution or a weakening rule application. 

Hence, we will just state the results here. 

The unsorted set of wffs u, with quantifiers in 

place, is considered to be the union of two sets of wffs 
and as in [day 87], where 

U ® < i/ . 1 i/ , is a wff in u, with at least 

one atom whose predicate is not a sort in MS } 

£ u,. t u,. is a wff in with atoms all 
b bi bi 

of whose jiredicates are sorts in IK ■? 



9.4.1 Soundness 


Lemma 9 . 1 

For any two sorts P and Q, If P ^ Qf then one of 
the following is true. 

(a) the wff (Vx) {P<x} — > Q(x}} for some variable x, 
was either present in .US or could have been deduced. 

(b) the positive unit equality, (Vx) CQtl (x - t) , where 
Q is some quantifier, for some variable x and some 
term t of sorts P and Q respectively, was either 
present or could have been deduced. 

Lemma 9.2 

If P is a sort in MS, then the wff P(c> where c 
is a constant or a function, or the wff (^x) P(x> 
where x is a variable, is either present or could 
have been deduced. 

Lemma 9.3 

For a sort P and a constant or a function or an 
existentially quantified variable t', Cv3 ^ P iff one 
of the following is true. 

(a) the wff C^'vJ P(v} can be deduced in OS. 

(b) the wff C^v3 P<vi or P(ti> where u is another 

constant or function or existential variable, such that 

fj-kj C3u3 (V ‘ ii> is a positive equality in US, can 

be' deduced in ■ * >' f"’"'' ’ ‘ ''' 
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Theorem 9.1 (Soundness Theorem) 

If W is the MS translation of the set of wffs « 
with quantifiers in place, then 

iJR* 

fi j F>JtSf — > (/ I FALSE 

Proofs Along the same lines as the proof for Theorem 5.1. 

D 

9.4.2 CcHopleteness 
I*eiNna 9.4 

If P is a sort in MS, then the wff P(xj where 

X is a variable, can neither exist nor be deduced in 
OS. 

Lemma 9.5 

If P is a sort in MS, then the wff where 

X is a variable, can neither exist nor be deduced in 

OS. 

Lemma 9.6 

The set of wffs is E-satisfiable. 

Theorem 9.2 (Completeness Theorem) 

If ft is the MS translation of the set of wffs if 
with quantifiers -in place, then 

a ^ false — > it FALSE 
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Proofs Along the same lines as the proof for Theorem 5.2. 

□ 

Thus MWRUE resolution is also proved to be sound and 
complete . 



Chapter J0 


EXAMPLES AND APPLICATIONS 


In this chapter we present some examples to illustrate 
the application of various proof procedures that we have 
introduced in this thesis. 

10.1 HCRUE resolution 

We shall consider an example from Group Theory to 
illustrate NCRUE resolution. 


Group Theory axioais: 


Uj^s f(e, x> * X 
i/«j f<x, el * X 

f(g(x}f .xl = a 
y.s f<x, g<x}) « e 
fj . f(f(x, y>$ 2 > ® f<Xf f(y, rll 


left iKieritity 
Right identity 
Left inverse 
Right inverse 

Associativity 


Theorem: 


xJ 


t u. 


— > ffXj, 


(¥x) <¥y} Cf<yi, 


y) » eJ 
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The <iuantifier free version of "the negated ■theorem 
would be 


U^s a> ~ e — > f(a, b) = ej. 


Here we can resolve ti^ with an mgpu ib/xi and a 

disagreement set {atg(b}} to give the resolvent 


y, ^ U- > R^t ^ g<b}3 


And further resolutions that lead to FALSE are as 
follows: 

if > R„s '^Cf(g(b>, e> » aJ f{g(bJ/x} 

2 1 X 

"5 ^ ^2 ^3* 

‘^Cf(f<g(b}f y3f » a 4 e =» F<y, z)J jf{g(b}/x3- 
* ^3 ^4* 

C(f(g(b>, y) = e) — > '^<'e » f(y, a})J ffa/x, a/z3 
U * R^ > R^i -^CfCgfb}^ b) » eJ flb/y} 

tl ^ R > R.s FALSE fib/x> 

3 5 6 


Geometry 


We shall now consider a problem of EJeaentary 
.try, Alfred Tarski [Tar 51] uses only two predicates 


bo represent the axioms of geometry in FOL. B(x, y, z) 
represents "y batmen x and r" and Vy * 2 ' ^2^ 

represents "to. di.twc ^ro. *■> fi •** »"• ** 

distenc. fro. r, to 
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Tarski, but without his full axiom of continuity, which is 
not easily represented in FOL. 

Identity axiom for betweenness: 

£/^.‘ (¥y> fSrx, y, x) —> x = yj 

Transitivity axiom for betweenness: 

U^s 

<yx> (Vy)(¥z}(¥u) €(B(x, y, u} & B(y, z, u}> — > B(x, y, z)l 

Connectivity axiom for betweenness: 

t¥x> K¥y) <¥z} (¥u} CiBfx, y, z} & Bfx, y, u} & '^(x = y>} 

—> {B<x, z, u> V B(x, u, z}}J 

Reflexivity axiom for equidistance: 

U^g (¥x} C¥y} L<Xf y, y, x} 

Identity axiom for equidistance: 

f/g3 (¥x) (¥y> <¥z} CL(x, y, z, zi —> x * yJ 

Transitivity axiom for equidistance; 

U^g (¥xi i¥y} i¥z> (¥u) (¥v} (¥*iJ 

CL(x, y, z, u) it L<x, y, v, n) — > L(z, u, v, pt}J 

Fasch*s axi<w: 

tijg 

('¥tJ (¥x} (¥y} <¥z> <¥u> CiBCx, t, ui St S(y, u, z)l- 

— > (^Pt) €B(x, w, y} « B(z, t, 

Euclid’s axiom: 

U^g 

(Vx> (¥y} (¥z} (¥t) (¥iih CiBjlx,. t} & B(y, u, & ‘^(x * u)} 
— > •CB<Xf Zf *ti 4k B(x, Yf & 8f*t, t, 
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Five-segment axiom: 

dfX^} <VX^} 

C{L(X^, y X^, y^} & Uy Z y^, z ft, LCXj, u^, u^> 

* i-<yj, u^, y^, « BfXj, y^, z^} * B(x^, y^, z^} 

& » y^> « -fy^ = __^ 

Axiom of segment construction: 

^10" CB(x, y, z> & Hy, z, u, v}l 

Lower dimension axiom: 

ti * 

^iV 

<ix> (^y) (3z} C’^BCx, y, z) & "^Efy, z, x) & '^B(z, x, y)l 


Opper dimension axiom: 

^12' (¥y) (¥z) (Vu) (Vv) 

CiL(x, Uf Xf v} & L(y, u, y, v) & L(z, u, z, i/> & "^{u - yJf 
— > €B(X)r y, zJ ¥ Bfy, z, x) V B(z, x, y}Jl 


Weakened continuitjr axiom: 

(¥Xj^} ^^^2^ <¥Uj^} 

C<L(a^r XjJ' 4 ifUjjr z^, tt^f z^} & B(Uj^, x^, z ^} « 

S<x^, y z^}J — > <^v^J iL<u^, y^, if & B(x^, tf 


The clausal set for the above problem consists of 55 
clauses, 20 from the above axioms and 35 from equality 
axioms for the above problem [WOL 843* 

Let us consider a theorem, 

For all points x and y, y is between x and y- 
i.e. (¥x} (¥y) B(x, y, y>- 

The quantifier free form of t!>e above set would be 
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^ 1 ' 

fSfx, y, xl — > X ■= yj 




^2'* 

C<B(Xf, y, u) « Bfy^ 2f 

u}J ~ 

-> 

B{x, y, zJJ 

^3'- 

C€B(x, y, z) 4 B<x, y. 

u) & 

'^fx = y>J 


— > {:s<x. 

Zjr u.f 


B(Xf u, z.>}J 

^ 4 ' 

^^x, y, Yf X) 




^5- 

^^iXf y ft Zf z) — — ^ ^ “ 

yJ 



^6*- 

^t*^Xf Yf Zf & L.(Xf 

y, ^v 


— > L(Zf Uf Vf w>J 

^7'- 

C€B<x, t, uf Si B(y, u. 

zJJ - 

--> 



tB(x, X, 

Yf 

z. 

yf 

St B(Zf tf f^itf Xf Yf Zf u>}J3 

tfgS CiB(Xr 

«/ 

ti 

& BCy, 

Uf z) & '^('x = u)J — > 

iB<x, X, '^ 2 ^^' 

X r 

Yf 

Zf ui) 

& BiXf Yf Xf Yf Zf ii)} 


X, 

y* 

Zf u). 

if Xf Yf Zf u}}}J 

"s>‘ 

C€L(x^, y^, x^. 

^2 

} & 

L<y^f 

^ ^ f.. <".3c’jr/ ^2^ '^2^ 


Si L(y Ujjir y 2' ^2^ ^ y ^ ® ^^^2’ ^ 2 '* ^2^ 

& "^(x^ = y^} « ""(y^ = i-j-'jf --> t-(z^, x^, ttjlJ 

U s 
10 ' 

CB(x, y, f^(Xr Yf & i-fyr y ^ Ujr V>» u, v}J 

i/jjJ C'^S(c^f c^f c^} S ^3' ^ ^ 1* ^2^^ 

^ 12 ' 

CiUx, u, X, vf « t<'y/ y* ^ 

— > {B(X, y, > B<yr xJ K Bfz, x, y^^J 

. ' , 

,. ^ ■Xi\£tr "- .'• 




B(x^, y 


^ 1 ' “l' V * * 

jj, > {L(u , y u f^fx,, y , ir-, x_, z , ii ) } 

^ ^ 1 1 1 2 ^ 2 ^ 1 

« Bfx^, y x^, Z^, u^>, Z^}}J 


Th© Quantifier free negated theorem is 


b, bi 


The clausal solution with the explicit use of equality 
axioms requires 10 steps where as the solution by NCRUE 
resolution requires . only 3 steps as given below . 


^ ^1" 

^5 ^ ^ 2 ' 

"^Kb, b, u, V}, z, zj iib/x^, f^fs, b, u, 

FALS£ fib/y si/x^, z/ti^, ziv z/u, z/tf} 


b/y} 


y}/y^} 


10.2 MHCRUE resolution 

We shall solve here the Agatha’s problem CPel 363 
which can be stated as below*. 

Premises: 

Some one who lives in Dreadsbury Mansion killed Aunt 
Agatha . 

Agatha y the butler, and Charles live in Dreadsbury 
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Mansion, and are the only people who live therein. 

A killer always hates his victim, and is never richer 
than his victim. 

Charles hates no one that Aunt Agatha hates. 

Agatha hates everyone except the butler. 

The butler hates everyone not richer than Aunt Agatha. 
The butler hates everyone Agatha hates. 

No one hates everyone. 

Agatha is not the butler. 

Theorem: 

Agatha killed herself. 

We define the predicates as given below. 

L(x) s X lives in Dread.sbury pension, 

Kix, y) 9 X killed y, 

fi<Xf s X is richer than y, 

H<x, y) s X hates y 

The constants a,b and c represent respectively 
Agatha, the butler and Charles. 

With the above predicates, the FOL translation of the 
problem is 

ii^ s CLix} « K(x, all 
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^2 

m 

^L(a} a ^ L<c }3 



<Vx) 

CL(x) .> X = a X = 



(Vx) 

<Vy) CK(x, y) — > 



<¥x} 

CK(x, yj 

^6 


KVx) 

CH(a, x) —> x}3 

^7 


(¥x> 

Cx ^ b — > {i(a, x }3 



<¥x) 

C'^R<x, a) — > H(b, x}3 

^9 


(Vx) 

CH(a, x) — } H(b, x}3 

10 


Cifx} 

(^yi "^HCx, y) 


^ * b 

aJ' 


V* Jf 

yn 

yii 


cJ 


The quantifier free version of the above set of wffs 

would be 

Uj s CKd) & Kfdfr a)l 

s fCfaJ 4 L(bJ 4 KcJtJ 
* CL(x) — > x = aKx=6f<jif = cJ 
s CKfXj, y} — > H(x, y)J 
tfj s CK<x, y} — > '^R(x, yJJ 
s CM (a, x) — > x)3 

Uj s Cx ¥ b — > H(a, x}3 
tfg g C’^R(x, a; — > R(b, x}J 

g €H<af X} — > H<b, X) 3 

^S 0 ’ ^(x}) , , . 

a ^ h 

iJ^^g ’^K(a, a? 



set of wffs for the above 


problem con- 


The many-sorted 

sists of 

Sort axicHBs: None. 

Sorts of terms: xsL, ■ ast, bsL, 

csL, <^sLf ysT, 

MS sentences: 

ifj i K<<t, &} 

1 f.K « a X » 6 , CJ 

# £K(y, Z) — > 
s CK(y, z) — > -“RKy, z)3 
ffg s f«ra, y> — > ‘^H(c, y}j 
s €y ¥ b — > H(a, y}] 


«7 s 

C'^R<y, 

r a} 

— > H(b, 

yxj 


CH(a, 

yX - 

-> H(b, 

yxj 



f(yj 

X 



a ¥ b 




^xr 

'^K(a, 

aX 

. 



Here we can resolve to a negative equality, 

because the disagreement dsa is viable under sorting as 
there is a positive equality in Wg such that d 
fies with x, 

**X ^11 — ^ 


MS uni- 



And further resolutions which refute the above set are 




^19 

> 

^^2 

m 

0 

H (& f 9 } 

g<a/y> 

^5 


^2 

> 


m 

* 

a) 

$ia/y3 



«3 

> 

^4 

» 

m 

■^Kfc, a) 

}ic/y, a/z3 




> 

«5 

M 

« 

s c) 

,0 




> 


M 

« 

Cd = a V d ^ b3 

i<d/x} 




> 

«7 

m 

m 

d ~ b 

f{3 

^^4 



> 

% 

t 

•^K(yf a} y H(b, y> 

}iyfy 


{with the variables ys 2 in renamed to 
respectively,} 

^ ^8 — ^ /«/y> 

^9 * ^9 ^ ^19' fib/y} 

rt. *■ /?,- ^ Cb ~ d •~—> Wfa, f(b}}3 fCf(b)/yI 

O <2 X? < 2 ,2 

H„ y- R,, > /?<,* “^^b = d) V H(b, f<b}> f<f<bf/y} 

8 jfl 

"9 ^ "12 — •’ *13' ' "■’ 

*7 "13 — •* ''34' 

10.3 WFF-resolution 

We shall consider again a small problem to illustrate 
WFF-resolution . 

The problem consists of only one wff, 

Uj! -[(Vxxtfyi cizXM «p<x> * a<y>i —> 

— > t(ia) (ir> K(i>X 



which is unsatisf iable. 


The above wff with the funbtional dependencies obtained 
by our algorithm substituted is 

'^€<^x)<¥y}<^x<x, y}>(V^Pt> i(P(x) & Q{y>) — > <R(z} & S(pi>}lt 
— > y, »})(3-v(Xf y, »)) (P<u) « Q(v>} —> (3-t> R(t)J3 

Here we can observe that the sub-wffs (P(x) & Q(y>) 

and <P(u} * Q<v}} are complementary and hence we can 

resolve with itself with the substitution 

€(3ti<x, y, tn>>/<i^x }f 0-v(x, y, >i})/(Vy when all the 

) 

universal variables in one wff are renamed to to 

give the following resolvent; 

y ^ y > R s (3^u<x, y, <^v<x, y, »>> 

1 1 * 

’^C<'ix(ii(x, y, **>t y* ^ 

— > <<9u(x' , y\ <^v(x'r y , » ^ 

— > } R(t }>J 


Now we can resolve R^ with on sub-wffs 

and R(tJ with the substitution i(^ 2 (u(x, y, y, 

to give a resolvent which simplifies to fALSE 

thus refuting the set. 

^ 2 * PALSE. 
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We shall now consider a problem from [Cha 79] repro- 
duced in [Pel 86] concerning set equality. 

Set equality (Q) ig defined as having exactly the 
same members. Prove set equality is symmetric. Predicate F 
stands for "is an element of". The wffs are 

Definition of Set equality: 

^ 1 ' CQ<x, y} < — > (\^z) (F(Zf x) < — > Fiz, y}}3 

Theorem: 

i/gS <¥m) <¥v} {Q<u, v) < — > QiVf ul) 

The wffs with negated theorem and with functional 
dependencies substituted are 

{¥x) (¥y) CQ(x, yl < — > (¥z(x, y}) (F(z, x) < — > F<z, y}>3 
U^s ’^(¥u(}) (¥v(}} C^(\x, v> < — > Q(v, ulJ 

Since the variable z is dual it will be dependent on 
.Xjr y only when it acts as existential variable. 

The refutation sequence and the substitutions therein 


are as given below: 
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U, * .> «,s 

I * 1 

id-vi}) €'^(¥z(at v)) (FUf ii> < — > F<z, v> V ‘^Q(V., u>J 
f ( 3 tvi}>/ <¥ y}} 

> R.y. 

t#ul.U (^Vi)} C‘^(¥ztUf V}} (F(z, tt) <—> F<z, V>} V 
^<¥z(Vf ti>> <F(z, v} < — > F(z, «>>J 
!i(-}v<}}/(¥x}f (3-u<}i/(¥y)y 

^ > R^z 

v> V ii)} (F(Zf V} <—> F(z, u}}J 

fi(^u(})/<¥x) f (iv<})f<¥y), v)}/(¥ZjJ} 

ti * > R^s C^uO) (3-v()> '^Qfu, v> 

J 3 4 

f{i3-u(}}/(¥x}, (3-v(}}/(¥y}, <^z(v, u}}/i¥z^>^ 
and nerving into 'Qiu, v), 

U ^ o > Ri ■^C(¥u(>} (YvO) ’^Q(Vf it}J 

2 #4 5 

u ^ R > « * (fyO> 

5 ^ 

f€( 3 ^v(>)/<Yx), (i^¥(}}/(Yy}} 

Rj " *< — •" "r* 

(iaO) l*y<>> C-(>f 2 <a, v>> (F<z, <:> <—> F<z, f>>2 

f((Jz(Vf u}}/<Yz^)> 

^ R > R s FALSE il(^z(u, v)}/<Yz^}l 

ts^ 7 ^ 


10.4 MWFF-resolution 


Let us consider a 


problem from [Pel 86] »hioh oonsiets 


of the following wffs, 



U^S i^X> PiX) < — > (^yj Q(yf 

U^s <¥x^> (¥y^J C(PCx^} & Q(y )j --> (ROf y <__> s(y,})J 
U^s C(¥x^) <P<x^} — > H(x^}) <—> (\^y^ (6 (y^J — > SCy^JJJ 

The wffs get modified as given below when the theorem 
is negated and the functional dependencies are substituted. 

a^: <3x0 ) P(x) < — > <3y(x}} Q(y) 

^2* C<P<X^} & QfVjO — > (R<x^J < — > S(y^}JJ 

•^Ci¥x.^O} <P<x^} —> R(x^)} <—> (¥y^(x2>> ^ S(y^}}3 

Using the rules of section 7.2.1, we obtain the many- 
sorted version of the above set as 

Sort axioms: None. 


Sorts of terms: 3x0 iP, 

3y(x) sQf 

¥x sP, 

¥y sQ, 

¥x j iPf 


3x^0 iPf 

3y^(X2ii^* 

to 

“>'2 -■«• 

MS sentences: 


Hj! (¥XjJ <¥y^) €R<x^) 

— > S<yj>J 


H^s '^C(¥x^O) R<x^) <—> (¥y^<x^O S(y^fJ 

We can resolve and on sub-wffs R<x^} and 

Rix-) using the soft bcmjpatible substitution f 
2 
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to give 

^ ^ S{y^}3 

Merging into S<'yj^> we get 
<Vy^} S(y^} 

While merging, we dropped the dependencies <x^) for 
y 2 f because is no more dual but only universal. 

Further resolutions and the substitutions that refute the 
set are as follows: 

^2 ^ ^2' R(x^)3 s<<3-y^<x^}}/a^y^)} 

^2 ^ ^3' SCy_2>J f<<3-x^()}/(Vx'^)} 

# 

f with in /?2 renamed to •? 

> R^i FALSE }€ <3-y x ^) ) / (\Fy 3 

10.5 WROE resolution 

We shall consider the Elementary Geometry problem 
that we have given to illustrate NCRUE resolution. We will 
give here in. quantifier-in-place form only those wffs that 
have participated in resolution. 

s (y-x) <¥y) (V^zl CL(x, y, z, z) —> x - yJ 
^10" (V^iiKVvl (3zi CB(x, y, z) & L(y, z, vt, vlJ 



2 m 


^ 14 ' y* y^ 


These wlfs with the functional dependencies substitutec 


would be 


i/j i (V^x <^V (V^z CL(x^, y z z^ 


) —>x 


^10' ^^^2^ <^Y2'^ <^z^(x^, y^, u, V}) 

CB(x^, y^, z^) & ^^y 2 * ^ 2 * 

U^.s '^(¥x^<}} <¥y^()) B<x^, y ,, y,K 


The resolutions that lead to FALSE are as given below: 


' ''i’ 

Cix,(>> (i-i^d) <}z,(x , y,, u, v}i ~fz_ » y,J 


}i(^x-(}>/(¥x >, (^y -()}/(¥'/„} I 


U gm R ^ ^ R t 

5 1 -£ 

( 9 -x^(}) < 3 -yj()} < 3 -z^(x^f y u, v)} C¥z "^LLy z^t z z 

fl( 3 -y ^(>}/x (^z^(x^, y^, u, v)}/y^> 

> FALSE 

fi<3-y^()>/(¥y^>f (^x ^( } ) / <¥x ^> , <¥z^}/<¥u^>f (¥zp/(¥v^}, 
(¥z ^} / (¥u} , <¥z^}/(VvJ? 


10.6 MWROE resolution 

We shall consider again the >lgatha's problem to: 
illustration. The many-sorted set of wffs with quantifier; 


in place would be 



Sprt axioms; 

None . 


Sorts of terms: \^x^sL, a b tL, 



C 

tL, 3^x^(}:L, ¥x^ sT, i-3,9 



Vy^-'T, ¥y^ iT, ^y^Cx^liT. 

MS sentences: 



^ ** 

(3-x^<)> K(x 

s) 


<Vx^> 

Cx^ = 

a V x^ = b ¥ x^ - cj 



(¥y^} 

CK(x^, y^> —> H(x^, y^)3 

"4 '' 

<VxJ 

4 

(¥y^} 

y4> —> y^}J 

"5 '• 

rv^xs^ 

CH(ar 

x^J — > '^HCc, x^)J 

** 


Cx^ ¥ 

b — > H(a, x^}J 

«7 . 

<¥Xj} 

C’^R(x 

7 , a} — > H(b, x^)3 


<¥x^) 

CH(a, 

Xq} — > HCb, Xg>J 


(¥x^} 

<3y^<x^)) ’^H<x^, y^} 


a ¥ b 
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^ir 

'-Kfa, 

bJ 


The 

resolutions 

corresponding to those we have given in 

section 

10.2 are as 

follows: 


“ 

-> 

s <3x^(}) '-<x^ - a> f{} 


-- 

-> R^ 

s Mia, a> ji€a/(¥x^} 3 

^5 ^ 

-- 

-> «3 

s ~WCc, a) f€a/(¥x^}} 


“ 

-> /?^ 

s ^KCCf a} f<c/(¥x^), a/(¥y^}} 


- 

-> 

s <3-x^<>> ’^(x^ = c) }i3 

" 

-- 

-> 

i <3Xj(}) Cx^ = a ¥ Xj ^ bJ 




^{(3x^(}>/(¥x^}3 
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R, ^ R. > s C3xJ}} = bJ gi} 

Jo* f 1 Z 

^ Hj > Rq : (¥Xy) a> V H<b, x^J2 

fCtVXjif <¥x^) , a/(¥y^}2 

^1 ^ ^9 ' R(b, X $i<2x ^<>>/ <¥x^)2 

■/■ R^ > R^^t (2y^(b}) (2x^()} -^(y^ » x_j> f<b/(¥x^)2 

^6 ^ ^10 ^11' ^^'^ 9 ^^^^ <2x^0) Cb * — > H(a, y^}J 

f{(2y^(bJ}/ (¥x^}} 

^8 ^ ^ii ^ ^12' 

f2x^<}J <3-y^(b>} ['^(b » x^) V HCb, y^)}2 

Si<3^y^(b}}/ (¥x^i} 

■*■ R^^ > R^^s (2x^0) ‘^Cb = x_jj> $€b/<¥x^}2 

R^ -f- /?., > R^.i FALSE j€} 

i 1 J J;4‘ 



Chapter 11 


COHCLUSIOMS 


We have discussed three necessary improvements to make 
Auto:eated Reasoning tractable in the introductory chapter. 
To state them again, 

(i) Retain the original form of wffs in resolution. 

(ii) Introduce domain information into rules of inference 
(e.g. Sorting). 

(iii) Include special relations (e.g. equality ) in reasoning 
in an efficient way. 

.RUE resolution [DiH 86] has been developed only for 
clause sets to handle equality in an efficient way, The 
advantages of NC-resolution are well known CMur 82], [MaW 
80], Hence, we have extended RUE resolution to operate on 
quantifier free wffs. We have proved that NCSUE resolution 
in open form is sound and complete. We have also extended 
criteria like viability, RUE unification and Equality res- 
triction, of RUE resolution' in strong form to the non- 
clausal case and shown that the completeness is preserved 
independently with viability and equality restriction, The 
completeness of RUE resolution in strong form has only been 
conjectured. The same conjecture holds for the strong form 
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of MCRUE resolution that incorporates all the criteria 
together . Thus we have a non-clausal deduction system ,to 
handle equality in an efficient way. 

The advantages of many-sorted logic are well esta- 
blished [Hen 72], [Hay 71]. It has been extended to clausal 
resolution and paramodulation [Wal 82] and subsequently to 
non-clausal resolution [Jay '873. Since we are aiming at 
theorem provers with the three features mentioned earlier, 
we have extended many-sorted logic to MCROE resolution to 
provide a single proof procedure . with all the three 
features, except that the wffs are modified to be quantifier 
free. We have added an additional rule to the original rule 
set for finding sorts [Jay 87], by which more sorts may be 
extracted, without violating the soundness and completeness 
of MNC-resolution. We have also added two more rules for 
sorting based on equality, analogous to those given by 
Schmidt [Sch 85] for clause sets, and shown that many-sorted 
NCRUE resolution together with the weakening rule [Wal 82] 
and the method for automatic generation of sort information 
is sound and complete. 

Keeping the first feature in mind, we have developed 
WFF-resolution, NC-resolution for wffs with quantifiers in 
place, because NC-resolution requires wffs to be quantifier 
free and not all sentences (especially those with quantif- 
iers in the scope of an equivalence) can be made quantifier 
free, without paraphrasing some of its connectives.. in terms 
of the others. We have given an algorithm to depen- 
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dencies of existential variables in a wf f and shown that 
WFF~resolution together with this algorithm is sound a.nd 
complete. Thus, except for maintaining dependencies along 
with the existential variables, analogous to the functional 
arguments in Skolem functions in a wff we do not modify the 
wff in any way. Thus, the first feature is incorporated 
into a refutation proof procedure so that the intuitive idea 
behind using various connectives and quantifiers is 
preserved . 

Since WFF- resolution is one step ahead of NC-resolution 
in terms of retaining the form of wffs in resolution, we 
have extended WFF-resolution to many-sorted logic and given 
the required changes for the sorting rules to include quan- 
tifiers in place. We have also given two additional sorting 
rules by which we can obtain the sort information for dual 
variables, without paraphrasing < — >'s in terms of — >'s. 
We have shown that the soundness and completeness of WFF- 
resolution is preserved in many-sorted logic, together with 
the weakening rule and the method for automatic generation 
of sorts, analogous to those properties of NC-resolution in 
many-sorted logic. Thus we have a single proof procedure 
incorporating the first two features. 

We have given a NCRUE deduction system for wffs with 
quantifiers in place, named WRUE, and shown that its^ sound- 
ness and completeness essentially follows along the same 
lines as that of WFF-resolution- Thus we have a' proof pro- 
cedure that can handle equality in an efficient way as well 
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as retain the form of the wffs. 

Finally, we have integrated WFF-resolution, many-sorted 
resolution and equality-based resolution into a single proof 
procedure, MWROE resolution, by extending WRUE resolution to 
include sortedness. We have given the sorting rules for 
equality with quantifiers in place. We have shown that the 

I 

MWRUE resolution together with the weakening rule, and the 
mechanisms for obtaining dependencies and generating sort 
information automatically is sound and complete. 

Thus, we have developed a single proof procedure that 
captures all the three features described earlier, required 
to make jflutoeated ReBsoning more tractable. 

The present work can be extended in a number of ways as 
indicated below, 

Many-sorted calculus can be extended to include negated 
sorts. But, it has been observed that a simple modification 
in Unification algorithm, where a term of sort cannot 
unify with a term of sort S or subsort of S, does not 
work and it makes the system incomplete. The example 
illustrating this point is given in [Jay 87] . 

Sorts are unary predicates. A possibility of extending 
sorts to two-place predicates, where there is a functional 
relationship between the two arguments, can be explored. 

As for special relations, our proof procedure can han- 
dle only equality. This can be extended to include othei 
relations, as it has been done for non-clausal paramodula- 
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trion and non-clausal E-rasolution [MaW 86] . The possibility 
of generalizing the heuristics developed for RUE resolution 
[DiH 86] for efficiency to the present work can also be 
investigated. 

Although many-sorted, equality -based approaches reduce 
the search space considerably, theorem provers cannot prove 
interesting theorems in realistic domains that include 
special relations unless more domain dependent information 
is captured and efficient strategies for guiding the theoren 
proven are used. Our hope is that the MWRUE resolution pro- 
cedure will prove to be a reasonable starting point tc 
investigate Kno»ledge-based theorem provers. In the sim- 
plest case it would be possible for humans to guide th€ 
prover much more easily than was possible earlier. 



APPENDIX I 


Theoren 4.7 Completeness of NCROE Resolution (Open foim, 
Ground case) 

If is an E-unsatisf iable set of ground wffs, there 
exists an NCRUE-NCNRF deduction of FALSE from U. 

Proofs 

Let k he the total number of binary connectives in 
Our proof is by induction on 

For example, k for the following set of wffs U, 

u^s <p < — > a; y R 
u^s '“P & a & 

is 4. 

If k = 0, then U consists of only ground unit wffs. 
By Theorem 4.6, there is a unit NCRUE refutation of U thal 
is factor free. 

Now suppose our theorem holds for U ground and k < 
n .• We show that it holds for k = n + 1. 

Suppose ground U has n + 1 binary connectives. Con- 
sider a wff of y having a binary connective b. 

Depending on what connective this b is, we will have < 
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different- cases. Let the sub-wff containing this binary con 

nective be F, b F- in 

12 1 

Case(i): F^ y Fg 

Define u as tf - and as and 

// 

as “ <F Since is E-unsatisfiable, so are 

and f/ U Since both of these have n 

or fewer binary connectives, they ■ both have NCRUE-NCNR] 

refutations. 

* 

> } 

Now consider the refutation of i/ (J 

Modify by adding back the sub-wff Fg to the wff 

This may give an NCRUE-NCNRF refutation of iJ in which cast 
we derive a FALSE without the participation of Fg. Oth- 
erwise, this will give an NCRUE derivation of Fg from 0. 
By appending to this derivation the portion of the refuta- 

’ll" 

tion of y U m where Fg is refuted, we get ai 
NCRUE-NCNRF refutation of ground U, which has n : 
binary connectives. 

» 

We note that if {J LF^^ is used » times as a: 

input wff in Ry then the residue in is Fg take: 

» times, Fg y Fg v ...y Fg, which is merged to the sub 
wff Fg- Hence, the refutation we have constructed t 
refute u is not necessarily factor free. 

CaseCii): F^ & Fg 

Define u’ as i/^ as U^-'iF^l and 

as - £F^>. Since t/ is E-unsatisfiable, either of 

u y iU^} ot a \J is E-unsatisfiable, or both, o 
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at least ti y will give a derivation of *^^2' 

Let us assume that u y is E-unsatisfiable 

Since it has n or fewer binary connectives, there is a 
NCRUE-NCNRF refutation. This will give us an NCRUE-NCNR 
refutation of u as well , because when we reduce i 

the sub-wff j 2^ FALSE^ irrespective of F^ th 

whole sub-wff reduces to FALSE, 

f t< 

If U [J is E-unsatisf iable, then it is a dua 

case of the above. 

If y U gives a derivation of ^^2*' 

resolve it with the sub-vfff <F^ & F^) when it is derive 
in R with the sub-wff Fg added back, to give an NCRUE 
NCNRF refutation of i/. 

Hence, we have got an NCRUE-NCNRF refutation of U, 
which has n + 1 binary connectives. 

CaseClli): faJf — > Fg 

Define U as y - y^ as y^ - LF j, — 

FgJ U and y” as - ff^3. 

The proof is same as that for Cased). 

-> F^ 

Define y as a - as y^^ - <F^? and y^^ 

as. y^ - LF^ —> F^j U ^‘"^2^" 

Now the proof goes along the same lines of Cased). 

In both dii) (a) and (b) the proof simply involv 
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rewriting and F^ —> F^ as '^F ^ v f^ and -^F^ 

^ respect ive 1 y . 

Case(iv): F^ < — > F^ 

Define u as - <tip, t/’ as - if ^ < — > 

^2^ U “> ^ 2 ^ and u'j^ as - {F^ <—> F^} (J €F^ 

— > F^I. 

Since u is E-unsatisf iable, either of U or 

) *• 

U or both are E-unsatisf iable. 

Let us assume that U is S-unsatisf iable. 

But, it has n + 1 binary connectives . So, by the 

Case( iii) (a) , there is an NCRUE-NCNSF refutation. This will 
give us an NCRUE-NCNRF refutation of U as well. 

If y' U iu'^J is E-unsatisf iable. then by 

Case( iii) (b) , there is an NCRUE-NCNRF refutation. This will 
give then an NCRUE-NCNRF refutation of t/- 

Hence we have got an NCRUE-NCNRF refutation of Ur 
which has i> + 1 binary connectives. 

Thus, we have proved the existence of an NCRUE-NCNRF 
refutation of u, which has ^ 1 binary connectives in 

ail possible cases. 

This completes the induction and proves that if U is 
ground and E-unsatisf iable, it has an NCRUE-NCNRF refuta- 

□ 


tion. 
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